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THE TEACHING OF LOCI IN THE ELEMENTARY 
GEOMETRY COURSE TO SCHOOL CERTIFICATE 
STAGE.* 

By C. V. DURELL. 


Ir is perhaps a rather unfortunate and possibly misleading fact that 
the standard list of theorems in geometry contains two which are 
specially labelled ‘‘ Theorems on Loci ”’ and form a section to them- 
selves, viz. Section 3 in the I.A.A.M. schedule. It is liable to suggest 
that the notion of a locus and the properties of loci form an isolated 
subject like a chapter, say, on quadratic equations, which do not 
concern us until we reach it, and when this moment arrives we have 
‘merely to do our two theorems and a few examples and then may 
tegard the subject as disposed of and consider no further reference 
is needed except possibly in a revision of proofs of theorems before 
taking School Certificate. 
No doubt we all agree that the idea of a locus and the practical 
utility of loci are far too valuable to be disposed of in so summary a 
fashion ; and further, that the pupil who meets the concept of a 
locus only when it is embodied in a formal proposition will fail to 
" appreciate its significance and will find problems involving loci far 
' more difficult than will be the case if he has been introduced to locus 
> ideas at an early stage of the informal study of geometry, largely 
> because he will not understand what is really at issue. 
The word “locus ”’ itself is often a stumbling-block, but as a 
’ technical term it is no more difficult than such strange words as 
' “supplementary”, “congruent”, “ parallelogram”, etc.—one 
_ tends to forget how strange such words are to young pupils—and it 
' is anyhow an easier word to spell! But the term ceases to be 
| alarming if it first arises in practical work, both in and out of doors : 
~ the possible positions of a person or particle moving in accordance 
_ with some specified law, the tip of the pencil at the end of the moving 


> , *Report of a lecture delivered to the London Branch of the Mathematical 
i) Association, 19th October, 1935. 
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leg of a compass, the tip of the nose of a child sliding downstairs on 
a tea-tray, or in a swing, or walking about in a room, because many 
of us would agree that at this earlier stage we want, wherever we 
can, to bring in ideas of solid geometry. 

There are two ways of examining any geometrical figure : we may 
look at it as a whole, when completed, the statical aspect ; or we 
may consider the way in which it is gradually built up, the kine- 
matic aspect. Both the fundamental concepts and the theorems of 
geometry may be viewed in this twofold manner. For example, if 
we regard a straight line as the intersection of two planes, we con- 
struct it experimentally by making a crease in a folded paper ; that 
crease is the statical aspect of the straight line. But if we use two 
posts or two people to mark the ends of a line and insert inter- 
mediate posts by covering off, or if we think of a person walking 
from one end of the line to the other so as always to remain between 
the end posts, we have the line viewed kinematically, and this is the 
root-idea of a locus. 

The point I wish to make here is that practical work out of doors, 
and class-room training in the actual use of instruments, can be and 
should be closely associated with locus ideas. 

The compass method of drawing a circle is a locus method, and 
this should be pointed out, and no doubt usually is: the law of this 
locus, the radial property, is more evident if a circle is first drawn 
with a pencil at the end of a piece of string, instead of with a compass 
where there is no visible straight line joining the tips. At each avail- 
able opportunity the law of the locus should be formulated so as to 
emphasise the idea that a locus is a path or an aggregate of positions 
satisfying a given law. Very few pupils realise that when they are 
drawing a straight line by using a straight-edge they are drawing the 
locus of a point which is at a constant distance from a given straight 
line. 

Thus the practical work of the informal stage can be used to make 
the pupil familiar with the concept of a locus long before he meets 
any formal theorems on loci. He will then be able to regard lines 
and circles and other curves as loci traced out by persons, or particles 
whose movements are controlled by some given condition. 

No doubt opinion is much divided as to the merits of out-door 
work : often local conditions make it impracticable, and in any case 
time will be wasted unless the work is planned out very carefully 
beforehand. But if it can be managed, it will certainly include 
from the earliest stage practical exercises on loci, e.g. : 

Pupils placing pegs in the ground, say, 5 yards from a wall—the 
locus consisting of one line ; 5 yards from a fence on either side of 
it—two lines ; pupils walking so as to remain at different constant 
distances from the wall—several parallel lines ; and so on. 

At a later stage, the use of intersecting loci to fix positions will be 
illustrated by the “‘ buried treasure ” type of problem. 

Limitations of time make it impracticable to enlarge the syllabus 
—it is full enough or too full already—but it may be that a careful 
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choice of examples leads to an extension of ideas without any 
serious additional expenditure of time. Granted that it is un- 
desirable to try to secure a high degree of technical facility in the 
use of instruments, yet it must be admitted that a large amount of 
practice is needed to attain even a respectable standard in drawing 
and measurement, and if this has to be done—and it is worth doing 
for many reasons—it takes little more time if in the doing we choose 
examples which illustrate important concepts ; and such drawing 
exercises should include some formal plotting of loci. Questions 
must be selected which do not take too long, but the judicious use 
of squared paper and tracing paper often reduces enormously the 
time required without diminishing in any way the value of the work, 
or disguising the purpose which we have in view. Further, the final 
results impress on the pupil the importance of accurate working, 
and there is the further advantage to the teacher that such work is 
extremely easy and quick to correct. 

May I indicate in more detail the type of example I have found 
suitable : 


(a) Take a point S 4” from the lowest main line XK on the 
squared paper, and on the left edge of the paper. To plot points 
P such that SP =distance of P from XK, first label the lines from 
XK upwards 0, 1, 2, 3,4, up to 10, and then use the squared paper 
graduations to open out the compasses to the necessary radii. 

After plotting the main points, draw in a smooth curve. 

(i) Test whether intermediate points obey the same law. 

(ii) Does the curve end anywhere or close up ? 

(iii) If the squared paper extended to the left, could we add to the 

locus ? 

(iv) Extension to solid geometry. If S is a point 4 feet above the 

floor and SP =distance of P above the floor, what is the 
shape of the locus of P ? 


(v) Later on, we can associate the locus with the graph of a 


2 
function, here = +2, thus formulating the law of the locus 


in another way. 


(6) Take S 4” from the lowest main line XK on the squared paper 
and on the central line of the paper. In plotting points P such that 
SP =% of distance of P from XK, first plot the points on the levels 
3, 4, 5, up to 9, doing both halves simultaneously ; then inquire how 
high up, how low down, the curve can go. Then draw the smooth 
curve. 

[The elements of this curve are 2a =7:5", b =3”", SS’ =4:5".] 

It is a valuable feature of the construction that it does not suggest 
the property of symmetry about the minor axis. This should now 
be tested by measurement. 

Mark in the second focus ; prick through at each focus; take a 
loop of total length 12” (7-5 +4-5) and use it to draw an ellipse on the 
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reverse side of the paper. Compare the two curves by holding up to 
the light. 

What is the law for this second locus ? 

(c) Take AB=6 cm. ; plot points P such that PB=2PA. Make 
a table showing the values of PB for PA =1, 2, 24, 3, 33, 4, 44, 
5, 54, 6, 7 cm. 

This takes more time than (a) or (6), but its merit lies in the un- 
expectedness of the result (the locus being of course Apollonius’s 
circle), and in the simple check the pupil can apply to his result by 
using compasses to draw the correct circle. 

(d) Tracing-paper methods. 

It saves time for pupils to work in pairs, one holding and fitting 
the tracing paper into position, and the other pricking through. 

Examples can be done very rapidly. 

(i) The ends of a line of fixed length slide on two perpendicular 
lines, the locus of (a) the mid-point, (6) another point on 
the line, (c) a point on the line produced. 

(ii) Fixed points A, B, locus of P if 2 APB is fixed. 

If this is included in the informal course, the corresponding 
theorem in the formal course, which (because it is a converse) usually 
causes trouble, becomes less formidable. 

(iii) Cardivid locus in two portions ; AP is produced to Q and PA 

is produced to Q’, so that PQ = PQ’ =diameter AB of given 
circle ; then Q, Q’ trace out the two portions of a cardioid. 


ge 








Fic. 1. 


It seems to me there is a good deal to be said for getting 
pupils away from circles and straight lines. 
The plotting of loci naturally leads to a discrimination between 
“‘ complete curves ’’ and “ complete loci ’’. 
The full description of a locus must include all possible positions 
of points satisfying the given condition and no more. 
The locus of a point restricted to movement in a plane may be 
of various types : 
(i) One complete curve : e.g. the locus of points equidistant from 
2 points is the whole of one straight line and no more. 
(ii) Two or more complete curves: e.g. the locus of points at a 
fixed distance from a given line is two complete straight 
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lines, and the centre of a circle of given radius rolling inside 
or outside a given circle is two complete circles. 

(iii) A part of one curve, e.g. the locus of points due north of A is 
a half-line ; the path of the tip of a pendulum of a clock 
(constrained by the sides of the clock) is an arc of a circle ; 
the tracing-paper cardioid gives two complementary arcs of 
the curve. 

(iv) Parts of two or more curves as, for instance, a dog tethered 
to a rail (Fig. 2). 


Fra. 2. 
A vertex of a rolling square (Fig. 3). 


, : Rae: 4 


£22 





Fic. 3. 


— 





The locus of P where 2 APB is constant, 2 ares of circles. 

It is worth also collecting some freak loci ; they are obviously out 
of place in examinations, but the fact that they are not easy to 
invent makes it certain that there is no danger of examiners intro- 
ducing them into pass papers. But they form stimulating examples 
for class discussion, because they arrest attention and develop a 
geometrical sense by offering new opportunities for general reasoning. 
For example : 

(a) Given 2 lines, a particle moves so that it is always 1” from one 
a and never less than 1” from the other : ‘“ rule and rub out ” 
(Fig. 5). 











Fra. 5. 
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(b) Repeat with 3 lines (Fig. 6). 








Fria. 6. 


(c) A particle moves along a given straight line and is always 
more than 1 inch from the nearest point of the circumference of a 
circle (Fig. 7). 








Fig. 7. 
(ad) Given 2 points 5 cm. apart ; a particle moves so that it is 
always 4 cm. from one point and never less than 4 cm. from the 


other (Fig. 8). 
Fee eggs os 





Fia. 8. 


Repeat with 3 points at the corners of an equilateral triangle, side 
5 cm., distance not less than 3 em. (Fig. 9). 

(e) AB=AC, locus of P if .APB=2zAPC (Fig. 10). 

The fundamental connection between the idea of a graph and that 
of a locus can be emphasised soon after graphs are introduced. 
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Starting from the column graph, we pass on to the graph formed by 
drawing the locus of the top point of the upright and thus obtain a 
locus graph, and in certain cases such as ready-reckoner graphs, 
travel graphs, etc., the law of the graph, or the condition which 
determines the locus, may with advantage be formulated explicitly. 
And with that I associate formulating explicitly the law of the 
locus. It is the same thing in analytical geometry as formulating 
the equation of the curve. 





Za 
, . 
ee pee 
a 
Fia. 10. 


Thus the example: Draw the graph of 2?/100 for values of x from 
0 to 100 may be associated with the problem ; a stone is thrown 
horizontally from the top of a tower 100 ft. high with a velocity 
40 ft. per sec., plot the locus of the stone, given that when it has 
travelled x feet horizontally it has also fallen x?/100 ft. vertically. 

Most of what I have been saying refers to the informal geometry 
stage. It now remains to consider briefly what. part should be 
played by loci in the organised geometry stage. Here the amount 
and character of the material that there is time to handle depends 
on how effectively the ground has been prepared in the informal 
stage. But progress will be rapid if the preliminary practical work 
has shown clearly what the nature of a locus is, if it has accustomed 
the pupil to discriminate between complete curves and complete 
loci, and has thereby impressed on him the reason for the necessity 
of establishing both necessary and sufficient conditions in connection 
with each formal locus. 
The two formal loci theorems are then found to be as easy as any 
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in the syllabus, and the joint proof of each theorem and its converse 
has the great merit of emphasising the necessity of a clear statement 
of precisely what is given and of what has to be proved : I do not 
of course mean that this does not apply to every theorem, but that 
it is easier in these cases to make the pupil understand the necessity 
of these clear statements. 

When suitable, enunciations of other theorems should be stated 
in the alternative locus form, e.g. : 

If BC is a fixed finite line and if A ABC is of fixed area, the locus 
of P is in plane geometry 2 lines parallel to BC and in solid geometry 
the surface of a circular cylinder with BC as axis. 

Similarly for the converses of the various angle properties of a 
circle. 

In the formal geometry stage I would suggest that the investi- 
gation of the precise limits of a locus is a valuable form of rider for 
class discussion, though too difficult for any except the ablest 
pupils unless the argument is developed step by step by the teacher. 

The two following examples will illustrate my meaning. 

(a) BC is fixed, «BPC =30° ; what is precisely the locus of the 
orthocentre H of 2 BPC ? 

4 BHC =150°, 


and the locus is the are EBCF in the diagram. 


E F 
Fra. 11. 


Associate this with the problem : 

If 2 BHC =150°, what is the locus of the orthocentre of A BHC ? 

The figures are the same, but the limitations are different ; the 
locus is the arc E’F’ in the diagram. 


(6) P moves round the circular arc from C to B; BP is produced 
to Q so that PQ=PC. What is the locus of Q? (Fig. 12). 


It is part of a circular arc, since 2 BQC =42 BPC. The extent is 
from C to 7’, where BT’ is a tangent. 
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This result can be associated with the following : 

I, is the excentre of A BPC, opposite B ; this is a very elementary 
piece of geometry which pupils do not have any difficulty in under- 
standing. 

Then 2 BI,C =42 BPC, so I, moves on the same arc as QY. What 


is the limit of J,’s path ? It is from C to R where BR is a diameter of 
circle BCQ. 


—_— 
—_— 


: oe, 
¢ 


\ 


Sai 
‘Ia. 12. 

The feature of these questions is that all locus work is being com- 
bined with the purely geometrical work. It is not as though we are 
doing loci and nothing else. We are having practice in all sorts of 
riders illustrating various properties and the pupils are having to 
argue in a geometrical way rather different from the way they 
would argue in ordinary riders. 

I conclude with a few remarks about the use of simple mechanisms 
in tracing loci; these are merely extensions of the recognised 
standard instruments—ruler, compass, set-square, etc. 

Many interesting examples of loci and suggestions for the con- 
struction of simple mechanisms are given by Mr. F. C. Boon in his 
Companion to Elementary School Mathematics. 

There should certainly be available a class-room model of a panto- 
graph for drawing similar figures, and of Peaucellier’s cell for inverse 
figures in post-certificate work. 

I have here three examples of apparatus all constructed by my 
colleague Mr. W. L. F. Browne : I start with the most advanced : 

(a) Even the ablest specialist often finds it difficult to visualise 
the theorem that any form of motion of a lamina in a plane can be 
described completely by allowing the body-centrode to roll on the 
space-centrode. 

This mechanism shows “ 3-bar motion ”’. If a body is constrained 
by two cross links, HA, FB, where AB is another linked bar, the 
instantaneous centre J is the point of intersection J of HA, FB. 

The lamina is a piece of tracing paper, and two links of cardboard, 
Shaped as shown on the right of Fig. 13, are used, so that the 
instantaneous centre is at the intersection of two edges. The links 
are pinned through the drawing paper to a drawing board and two 
inverted drawing pins at the other ends A, B pass through the 
tracing paper. Various positions of the instantaneous centre can 


Cc 
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now be pricked through with a fine needle and the centrodes drawn 
on the drawing paper and the tracing paper. If the cardboard links 
are now replaced by links of thin celluloid with centre lines ruled 


B 





* ) arene ra 
E 3 
Fig. 13. 

between the pivots the body-centrode can be seen rolling on the 
space-centroid. 

(6) The second is a mechanism which may be introduced at any 
stage after properties of angles in a circle have been discussed. It 
is based on the following simple rider : 








Fic. 14. 


Draw two equal circles, centres C, D, touching each other. If 
LACD=2YDC, then PY is equal to the diameter of either circle. 

If AB is a diameter of a circle and if the chord AP is produced 
each way to Y, Z so that PY = PZ =AB, the locus of Y is part of a 
cardioid with A as pole and the rest of the cardioid is made up of 
the locus of Z. 

This mechanism is constructed as follows. A wooden disc 4A, 
about 6 inches in diameter and one inch thick, is screwed to the base 
board. An equal disc B is held in contact with A by a metal strip 
C ; in the model exhibited this strip is prolonged to form a handle. 
B is prevented from slipping on A by a string in the form of a 
figure 8 which lies in shallow grooves turned in the discs. This 
string could be endless but it is difficult to keep it under tension ; in 
the model one end is fixed to A at the point D and the other held by 
a screw and washer near to D so that any slack can be taken up. 
The rods EF, GF, HF are soldered into a T-piece of brass at F, 
which is pivoted to the link K so that F travels on the circumfer- 
ence of B. A piece of square brass rod is soldered at EZ and is 
pivoted to a brass bracket screwed to B and shaped so that H can 
come over the point of contact of A and B in the initial position, 
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C passing under that part of the bracket which carries EZ. Strips of 
thin brass P, Q, R are fixed to A and B. 


When C is rotated through 180° # traces out the upper half of a 
eardioid and C the lower half, while H traces out the right-hand 
portion of another cardioid. 

(c) The third is a mechanism for constructing a cycloid and a 
trochoid with or without loops. The apparatus consists of a disc A 
which rolls on arod B. A ceiling lath is used for the rod. These are 
3 feet long, about an inch wide, and one-fifth inch thick ; they cost 
about 3s. 6d. a hundred and are most useful for a variety of purposes, 
such as “‘ beams ” for deflection experiments, where the rough finish 
is no disadvantage ; in the present case it is useful as tending to 
obviate slipping. The lath is clamped to a board with packing 
pieces inserted so that it is about an inch from the board. The disc 
is about three inches in diameter and has a piece of wood screwed 
on one side projecting beyond the circumference, with three holes 
in it to take a short length of pencil ; the holes are inside, on and 
outside the circumference. Two brass-headed nails driven into the 
dise provide three-point bearing on the board. A handle made of a 
short length of stout wire in a piece of wood works in a hole bored 
centrally in the disc. The disc is held by the handle and rolled along 
the rod and the pencil will then trace a trochoid on a piece of paper 
pinned to the board. 

Before I sit down, may I add, to avoid misunderstanding, that I 
am not arguing in favour of any elaborate additions to our teaching 
syllabus or anything like that. I do, however, ask whether it is a 
matter of general experience that pupils dislike and find difficulty 
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in tackling locus problems, and whether it is possible that this may 
be overcome by emphasising the idea of a locus in the informal 
geometry stage and by associating it with graphical work and illus- 
trating it by simple models and mechanisms ; and I am hoping that 
discussion will show what other methods are used for overcoming 
these difficulties. 


DISCUSSION. 


Mr. Boon congratulated the lecturer on his stimulating and clearly 
stated discourse and added one or two footnotes. In the first place, 
he admitted that the boys felt terror with regard to the locus, and 
that largely arose from the fact that propositions about them were 
put into a quiet corner to be dealt with if time permitted. Their 
terror was also partly due to the word “ locus ”’ being introduced 
very late. The younger boys did not jib at a proposition because 
they did not understand the meaning of words, whereas the older 
boys jibbed at a proposition because it contained an unusual word. 
The word “‘locus”’ and its meaning should be brought in at the 
earliest possible stage and used as much as possible. The speaker 
had found it helpful to let boys construct a number of points on a 
locus and to realise it (in Mr. Durell’s phrase) as the aggregate 
position of points. They had probably learned Latin and could be 
reminded that the Latin for position or place was locus. In listening 
to the lecture he had wondered why Mr. Durell’s boys only drew 
the half parabola. Did they only plot that one half ? 

Mr. Durell thought there was something to be said for ascer- 
taining whether the boys would devise the other half for themselves. 

Mr. Boon added that he was surprised that with the ellipse the 
boys got the symmetry about the minor axis. He always found that 
the distant points were very vague when constructed by the inter- 
section of arcs; this was also the case in plotting in Apollonius’s 
circle. Tracing paper was not often obtainable, or only obtainable 
after a little trouble, but one could do much with the edge of a 
sheet of foolscap. Mr. Durell had, rightly, paid a lot of attention to 
the limits of the locus. In regard to Mr. Durell’s illustration of a 
triangle with the vertical angle constant and the base fixed, the 
speaker thought it very interesting to get the class to restate the 
proposition so that the locus was a complete circle instead of two 
arcs. 

Mr. Snell said he found that although the plotting of loci be- 
longed to the informal stage in geometry it was useful to do it also 
with boys at a later stage. He personally did a good deal with boys 
in the year in which they were taking Certificate. In fact, although 
still informal geometry, it could extend over the whole course. He 
always took the ellipse, the parabola and the hyperbola at one draw- 
ing. He took easy ratios and gave the boys the position of the line, 
making sure they put it in the middle of the page so that they could 
have the opportunity of getting the double curve. Besides obtaining 
the complete parabola, they might also obtain the second branch of 
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the hyperbola ; but only the best boys would do that. Having got the 
boys to plot the locus of the ellipse in that way, he got them to do 
the ellipse from the SP + S8’P definition and also with very carefully 
worked-out dimensions the ellipse as the section of a cone with a 
certain amount of calculation from the solid figure. And thus in 
the course of a very short time they plotted the ellipse, at any 
rate, from three different definitions. That was a most useful 
introduction to their future work if they were going to become 
mathematical specialists. In conclusion, the speaker said he did 
not like plotting loci without plotting a few envelopes as well. 

Mr. Inman said that during one period he had examined for the 
University of London about 1500 scripts in geometry for, roughly, 
60 schools. Thus he obtained a rough idea of how the subject was 
known in schools. Usually, about two questions were concerned, 
directly or indirectly, with loci, and it struck him that in the case of 
about two-thirds of the candidates the knowledge of the subject of 
loci was practically valueless. In looking for the cause of that he 
agreed that the loci were taught too late, and in that respect he dis- 
agreed with the recommendation in the I.A.A.M. Report that the 
teaching of the subject should be deferred. At the same time, he 
thought the cause was attributable more to definition than any- 
thing else. The usual definition: “‘ The locus is a path traced out 
ky moving points ” was very pernicious and, undoubtedly, largely 
the cause of the present difficulty and state of knowledge of the 
subject. He did not think it possible in many of the elementary loci 
to get the locus traced out by a continually moving point; for 
example, in the case of two intersecting lines and the point equi- 
distant from the two iines. He advocated the definition being 
entirely dropped and that there be substituted for it the de- 
finition mentioned by Mr. Durell and Mr. Boon: The locus is the 
aggregate of all points whose positions are determined by a given 
law. The English equivalent of the German word was position-line, 
and that really gave the idea of locus: it was a line, straight or 
curved, or, in the case of three dimensions, a surface which gave the 
position of points satisfying a given condition. Another cause was 
that in most geometry books emphasis seemed to be laid on two 
theorems. In the speaker’s opinion the two not mentioned as 
theorems were at least as important, if not more so. Equal emphasis 
should be given to the locus of points at a fixed distance from a 
given line and to the locus of points a fixed distance from a 
given point. There was one omission from the lecture which had 
surprised him in that there had been no mention of the applications 
of loci; no illustration of how loci were used to construct certain 
figures—a very important use of the locus. There was really no 
difficulty in introducing applications fairly early by such proposi- 
tions as: “ If the distance of a point from a given line is given, then 
the point is restricted to a certain locus or position-line ”’. 

Mr. Katz asked whether it would not make loci easier at a later 
stage by obtaining the equation y=az? for the parabola and a 
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similar equation for the ellipse? He had been struck with the lack of 
practice in the informal notions of loci when asking boys at a very 
much later stage to tell him the equation of a line of the form 
x=4. If one worked in the idea of locus at a very much earlier stage 
in the way that Mr. Durell had indicated, elementary ideas of graph- 
drawing and of analytical geometry would come more readily. Had 
Mr. Durell expressed his geometrical locus in the language of algebra 
at an earlier stage than is customary ? 

Mr. Durell replied that the only stage in which he would do that 
was in the corresponding work on graphs which came comparatively 
early, but the equations were straight-line graphs. 

Mr. Katz then asked at what stage would Mr. Durell obtain, for 
example, the equation of the parabola ? Would he not be inclined 
to do that simultaneously with the locus work ? 

Mr. Durell said not until the boys were doing corresponding 
graphical work, in connection with quadratic functions and the solu- 
tion of quadratic equations ; but that stage was rather beyond what 
he regarded as informal geometry. 

The Chairman (Mr. G. lL. Parsons) was not sure that the con- 
fusion caused by the use of the word “ locus ” was not considerably 
worse than many imagined. If one questioned a division of rather 
dull boys one could usually get back to what seemed to him to be 
the fundamental bother about the matter : that there was in their 
minds no clear idea of what is meant by a “ moving point’’. If 
one started defining a locus by talking about a thing which did not 
and could not exist, all one did was to cause the whole thing to be 
unintelligible. One had to hammer hard at the idea that what 
was implied by a locus was that twofold notion that all points which 
satisfy one given fact or statement can be shown to lie in a certain 
place or on a certain figure and that no points on that figure must 
be excluded. 

Dr. Ballard agreed that the definition was always very difficult ; 
it was generally the quest for the definition that was most valuable. 
It seemed to him very much easier to deal with loci than to define 
the term “locus”. It should be noted that Mr. Durell had not 
spoken about a point moving ; he had used the phrase a “ particle 
moving”. He also said that: The locus is “an aggregate of 
points ’’. Could one add points ? Points had no dimensions ; they 
could not form an aggregate ; and yet one knew what the term meant. 
It simply indicated that there was a difficulty in defining it, and 
certainly a difficulty in so defining it as to make it simpler to the 
boy than by giving examples. The speaker assumed that the word 
“jocus ” did not merely refer to a line or curve or anything of that 
kind but referred to surfaces, solids, and so on, and it struck him that 
there was always, even in those most elementary notions, a certain 
amount of ambiguity. Was a circle a surface or a curve? One 
spoke about circles intersecting. If a circle was a surface then he 
did not see how surfaces could intersect—they could overlap. Was 
a circle a line or was it a surface ? Sometimes the word circle was 
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used, even in the same proposition, in two different senses. In fact, 
many of the terms, even in elementary geometry, were ambiguous 
and the definitions were extremely difficult and not always helpful. 
They frequently bothered rather than helped. 

Professor Hamley had found the paper very interesting because 
it was part of a subject to which he had given much attention, 
namely ‘functional thinking’. He thought the time had come to 
regard geometry not as the study of a static science but as a 
dynamic study of mathematical science. He had always found 
that whenever dynamical ideas were introduced into geometrical 
work boys regarded the study as something that lived and not 
simply as the study of static things. He agreed that locus work 
should be linked up with other departments of mathematical work. 
In an attempt to unify school mathematics he had found it possible 
to cover, under the guise of locus theorems, not only a good deal of 
ordinary geometry but also the fundamentals of algebraic or co- 
ordinate geometry. 

Mr. Kearney said he would not bring in the word ‘“ dynamic”? in 
connection with geometry, and he would not even go so far as the 
word “ kinematic ’’, though he thought it well not to lose sight of 
the fact that, if only drawing a line on paper, time entered into all 
operations. He had always told his pupils that the essential thing 
about a point was to represent position ; that it was indicated as 
near as possible. If a point represented a position, was there such 
a thing as position not relative to anything ? Practically, no. So 
that a point was fixed relatively to something and preferably, at any 
rate, relative to a body which was, for their purpose at all events, 
sufficiently rigid. In fact, he went so far as to say that all elementary 
geometry was really a part of rigid geometry. It was not possible to 
draw any figure whatsoever without motion. One could mark a 
point and it was fixed and did not move on the body on which it was 
marked. Once one tried to draw a line one found it was the path 
traced out by a point which moved, and actually that could be done 

by moving a pencil. He was not merely making a point in opposition 
to what had been said earlier. Nevertheless, he thought that not 
merely in connection with loci, but in connection with the whole 
subject of elementary geometry, the idea of building up by motion 
was something which, if it were pursued consistently from the be- 
ginning all the way through, could make the subject in some ways 
considerably simpler, particularly when one came to knitting every- 
thing together in one formal system. While on the one hand it was 

a good thing at one stage and in certain lessons to restrict oneself to 

the definition of a locus as an aggregate of points, on the other hand 

the idea of a locus as something traced out by motion should be 
introduced. 

Mr. Pfannmuller compared the reactions towards the word 
“locus” of two different sets of boys. Those who had had an 
extensive course of informal geometry in which they drew all sorts 

of loci, and a number of envelopes as well, used the word “locus ” 
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freely. Those who had done little informal work seemed to know 
the word, but disliked it and avoided it wherever possible. There- 
fore, he put in a plea for the use of the word “locus” as early as 
possible in the geometry course so that it should not be confined 
simply to circles and straight lines. 

Mr. C. T. Daltry suggested that it was wise not to use the word 
“locus ” at all in the first year, but to replace it by “ path ”, and 
to put the subject in a dynamic form by plotting paths traced out 
by points of simple mechanisms. He then illustrated on the board 
a series of exercises he used, as follows : 


Point on connecting rod of a piston. 


228) 


Fic. 16. 


Point on a rod AB of fixed length whose ends move on two circles. 
(This gives curves of the “ figure-of-eight ” type.) 


B 
A 


Fie. 17. 


A piece of elastic is tied to O, and the other end tied to a ring 
moving round the circle. A coloured bead is fixed half-way along 
the elastic, and the path of the bead plotted as the ring moves round 
the circle (Fig. 18). 








re) 
Fig. 18. Fig. 19. 


An unusual curve of the “ rose-petal ”’ type is obtained by plotting 
the locus of the foot of the perpendicular from O to a rod of constant 
length sliding between two perpendicular lines (Fig. 19). 

After tracing the Apollonius circle defined by AP =285P it is easy 
to deduce the symmetrically placed circle defined by AP =}BP, and 
then to show the formation of a system of such circles. 
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FRACTIONAL CALCULUS. 
By W. FaBIAn. 


1. IN a previous paper * we considered fractional integration and 
differentiation of functions of a real variable. In the present paper 
the complex variable will be used. 

We define a Ath integral, or a (—A)th differential coefficient, of 
f(z) along a simple curve / by f 

Dl) = pms |e -OL Ode 
P(A+y)Ja : 
where the integration and differentiation are along /, starting from 
a; Ais any number, real or complex ; y is the least integer greater 
than or equal to zero such that R (A) + y>0, R(A) being the real part 
of A; and D stands for a’ denoting differentiation along /. a is 
arbitrary and independent of z, and in the present paper is to be 
taken as finite. 

If two fractional integrals D-(l,) f(z) and D-#(l,) F(z) occur in 
an operation, those values of D-(Il,) f(z) and D-+(l,) F (z) are to be 
taken, for which Log (z —¢) in 

(z Pa t) =¢ALog(—-t) and (z ad t)4 — ev Log (z—t) 


is in each case the sum of its principal value and the same multiple 
of 271. 


2. Behaviour of D-(l,) f(z) at ordinary points and singularities 
ff) shi 
of f(z). 


THEOREM 1. Jf f(z) is analytic throughout a bounded simply-con- 
nected region E, which contains 1, then each branch of D-*(1,) f(z) ts 
analytic inside E, except possibly at a. 


Proof. The theorem will be proved if we show that each branch 
of D~*- (1,) f(z) is analytic inside Z, except possibly at a. 

By Cauchy’s Theorem it follows that, given a and z, the value of 
each branch of D-*~” (l,) f(z) is independent of /. 

To show that D--7(1,) f(z) has no branch-points inside E other 
than possibly a, consider any point 6 inside Z, which differs from a. 
Let L be a simple curve in £, consisting, in the t-plane, of the curve /, 
which joins the points t=a and t=z, and of a closed contour C 
through the point t =z, which encloses b, but excluces 1. Then 


D~-¥ (L,) f (@) =D (La) fF (@), 
by Cauchy’s Theorem. This being true for any C and z satisfying 
the conditions of the construction, it follows that b is not a branch- 
point of D-’-” (1,) f (z). 

* Fabian, Math. Gazette (1936), vol. xx, no. 238, pp. 88-92. 
+ Fabian, Phil. Mag., ser. 7, vol. xx, pp. 781-78 (1935). 
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If we integrate D~*-” (l,) f(z) by parts m times, we get 


m][)-A— _ m1 fl) (a) .(z —q)Mrtn—m 
Doobie Th 





+ D*~ (1,) f™ (2). 


Since, given a and z, the values of the fractional integrals in this 
equality are independent of 1, it follows that D-~’ (1,) f(z) has finite 
differential coefficients for every m at all points of Z, except possibly 
at a. Each branch of D-*-’(l,)f(z) is analytic inside Z, except 
possibly at a, and the theorem is proved. 


THEOREM 2. Let f(z) be analytic inside a region E, which is 
bounded by a continuous curve without corners. If 1, excepting the 
upper limit of integration for D->(L,) f(z), lies within E, then every 
singularity of f(z) on the boundary of E is a singularity of D-*(1,) f (2). 

Proof. Let p be a singularity of f(z) on the boundary of Z. With 
a suitable choice of the upper limit of integration for D-*(I,) f(z) 
inside F (considering / for the moment to lie wholly within FZ), we 
draw through p a circle F with centre at a point c on /, such that F 
lies, except for p, inside HZ and contains in its interior the arc of | 
which joins c and the upper limit of integration for D~*(I,) f(z). 
Integrating the Taylor series for f(z) at c fractionally term by term 
and dividing by (z —c)’, we obtain 


D*(l)f@)_ § _f€) : 

Ee =. Pasaen 
D~(l.) f (2) 

(z -c) 
for its circle of convergence. D-‘(l,) f(z) must therefore have at 
least one singularity on F, and by Theorem 1 the only point on F, 
at which D-(l,) f(z) can have a singularity, is p. 

To complete the proof, we have only to note that p is an ordinary 
point of 


so that can be expanded in a Taylor series at c with F 


DY : — f\At+y-1 
Pas). rsd 


(the integration and differentiation being along /), since the differ- 
ential coefficients 


d\s Dy ys bie ee 1 of ae 
(Z) (rasp. 104) =p [ie -sow 


a 


exist at p as finite numbers for all positive integers s. 


THEOREM 3. Let f(z) be analytic in a bounded region E, except for 
an isolated singularity within E at a point p different from a, at which 
f (2) can be expanded in a Laurent series. 

If X is a rational fraction, then p is a branch-point of D-*(1,)f (2); 
with cycles of s roots, where s is the denominator of X when expressed in 
its lowest terms. 

If A ts irrational or complex, then p is a branch-point of D~*(1,,) f(z) 
with cycles of an infinite number of roots. 
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Proof. In the t-plane, where / joins the points t =a and t =z, let 
C be a closed contour through the point ¢ =z, which lies wholly in 
E, encloses p and excludes 1. Denote by S,, the curve traced out 
by a point ¢ which passes along / from a to z and then describes C 
m times. 

If % denote any one of the values of D--”(C) f(z), then the 
other values of D-'-7(C) f(z) are, by a previous theorem,* 


E27, etry, es e2nmiry,, wd 


Hence * we can start with a value ¢ of D~'(l,) f(z) to obtain, for 
a Ath integral of f(z) along S,,, 


m—1 
D-(Sq)f(e) = pty. e20ri, 
n=0 
The conclusion follows immediately. 


THEOREM 4. Let f(z) be analytic in a bounded region E on the 
Riemann’s Surface associated with u=f(z), except for a branch-point 
within E at a point p different from a, at which f(z) can be expanded 
in a Puiseux series. Let the number of roots of f(z) in the cycle t at p 
be r. 


If the Puiseux series for f(z) at p does not contain negative integral 
powers of (z—~p), the number of roots of D-*(l,) f(z) in any one cycle 
at p does not exceed r. 

If the Puiseux series for f(z) at p contains negative integral powers 
of (z —p), the number of roots of D->(L,) f(z) in any one cycle at p does 
not exceed st if Ais a rational fraction, equal to r/s when expressed in 
its lowest terms, but is infinite if r ts irrational or complex. 


Proof. On the Riemann’s Surface associated with v=f(t), let C 
be a closed contour through ¢ =z, which lies wholly in EZ, encloses p 
and excludes /, where / joins a and z. 

Denote by S,,, the curve traced out by a point which passes along | 
from a to z and then describes C m times. By a theorem in a previous 
paper,{ a value of the Ath integral of f(z) along S,,, is given by 


-1 
D-(Sq)f(e)=p+y. Z eenrin, 
n=0 
where ¢ is one value of D-(1,) f(z), and ¢% is one value of 
D-'-y (C) f(z). 
% is or is not zero, according as ¢t the Puiseux series for f(z) at p 


does not or does contain negative integral powers of (z-p). The 
conclusion follows. 


* Fabian, Phil. Mag. (1936), ser. 7, vol. xxi, pp. 274-280. 


+ If f(z) has M cycles at p, f(z) is to be regarded as having M branch-points at p, 
and the theorem applies to each of the M branch-points at p separately. 


{ Fabian, Phil. Mag. 1936. 
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3. Expansions of D-(L,) f(z). 


THEOREM 5. Let f(z) be analytic within a circle of centre a, which 
contains | in its interior. Then 
a) (n)/( (a 
D-(,)f(@)= 2 _F 


z-—a)\y+ n, 
al ‘oF(A+n +) ) 
and the remainder in this series after the term containing (z —a)\*™ is 
D--m-1 (L, )f om) (z) 

For, Men = Taylor series for f(z) at a fractionally term 
by term, we obtain, for all points within the circle of convergence 
of this Taylor series, 

oo f™ (a) 
a 


DCI @= & “o P(A+n +1) 


On integrating D~*(l,) f(z) by parts (m +1) times, we get 


D-*(i f(z) = = s gd) a —a)rtn + P-A-m-1 (I ) f m+) (z) 
r n=0 T(A+n+1) a z). 


The theorem is proved. 
THEOREM 6. Let f(z) be analytic within a circle of centre z», which 
contains lin its interior. Then, at z=Zo, 
1 2 (-1"f™@) 
D-“r(l =~ 2 ——* 
( a) J (2) TA) om n!(A+n) 
if R(A)>0; and also if R(A)<0 if the series converges uniformly in 
the neighbourhood of zp. 
Proof. Expanding f(t) in a Taylor series at t =z =2y, we obtain, 
for z =2p, 


ies : Gall ‘ety i 
a it WMO= rage 12 fs n! M2) . 


] bac (n)(z) 2 
pe esl cree BA i f (z ay (z —t)\+y+n—-1 dt 
Pa +y¥) n=0 n! a 

1 > | (- 1" f™ ©) (z —a)tytn, 
DP(A+y) nao n! (A+y+n) 
Hence, differentiating this series term by term y times, we obtain, 
for z =Zp, 


(2 -ayr", 





(z -ay, 





lg (-Ds@) 
—A Se z—a)jrtn, 
D (la) f (2) T(A) *. n! (A +n) ( a) 
4. From Theorem 5 we can immediately deduce the following 
corollaries : 
Corotiary 1. If f(z) is an integral function with an essential 


DAU) f@) 


singularity at infinity, then so is - (2 -ay 


If f(z) is a polynomial of degree N, then so af = Ca) F(2) 
integral values of X. (2 -ay 
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CoROLLARY 2. Let f(z) be analytic within a circle of centre a, which 
contains | in its interior. 


D-*(1,)f (z 
If = = ) f(z) 


—<—— is an integral function with an essential singularity 
at infinity, then so is f(z). 


a) 
-A 
If =e is a non-zero polynomial of degree N, then so is f(z). 
CoroLLary 3. Let f(z) be an integral function. 


If A is a rational fraction, equal to r/s when expressed in its lowest 
terms, then D-*(L,) f(z) ts s-valued. If X is irrational or complex, 
then D-*(L,) f (z) ts infinitely-many-valued. 

aand the point at infinityare the onlytwo branch-points of D- (l,) f(z), 
each being the vertex of a single cycle of s roots if X is the rational 
fraction r/s, and of an infinite number of roots if X is irrational or 
complex. 








CoroLuary 4. Let f(z) be analytic within a circle of centre a, which 
contains | in its interior. Let X be a non-integral number. 


-A 

If aisa p-ple zero of f(z), thena isa p-ple zero of Dba) fF), and 
conversely. (2-4) 
W. F. 





GLEANINGS FAR AND NEAR. 


1067. What factors make for success in mathematics ? Reference to Table 
XXVIII shows that success in this subject is dependent on four factors, one of 
which is of very slight importance compared with the others. The most im- 
portant single factor is X and it accounts for 48 per cent. of total success. Next 
in importance comes g, accounting for 31 per cent., v accounts for 19 per cent., 
and finally Z accounts for 2 per cent. F plays no part in mathematics at all. 
Essentially three factors are of importance, therefore, X, g and v. It is of 
interest that these are the same three factors that controlled success in English. 
There is a difference, however. Whereas in English v was most important, in 
mathematics v is the least important of the three. 

X represents persistence or the “ will to succeed’, and may have some 
relation to the character factor which measures, more or less, what is generally 
called reliability. g represents general intelligence, and v the verbal factor.— 
W. P. Alexander, Intelligence, Concrete and Abstract, Cambridge 1935, p. 130. 
[Per Prof. H. T. H. Piaggio.] 

1068. It seems to us that no mental growth in aphasic children can take 
place until speech begins to develop. When at last they feel they can speak 
even only a few words, their whole nature develops and opens out. After and 
alongside with the speech development comes the reading and writing develop- 
ment. Sagging behind it comes number development. Almost to a man, 
these aphasic children are bad at number. Is it due to the same nervous 
trouble and lack of confidence ?—From an article on Aphasia by Miss Lack 
and Miss Meadowcroft in The Teacher of the Deaf, August, 1935. [Per Mr. 
A. F. Mackenzie. ] 
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THE RHOMBIC DODECAHEDRON FOR THE YOUNG. 


By W. Hope-Jongs. 


TuIs interesting solid has tended too much in the past to be classi- 
fied as “‘ for adults only’ (and for not too many of them); but 
because it supplies the answer to a question which every intelligent 
youngster asks himself, I think it is worth while to try and smooth 
the path of any teacher who wants to let children of (say) 13 share 
in some of its treasures. 





























Fig. 1. 


If you use cardboard, omit the flaps marked G. If using paper, gum 
them and use them as overlaps for fastening. 


The bee’s cell is very well worth doing for its own sake, in addition 
to its value as leading up to the Rhombic Dodecahedron. Designing 
it on the flat is our job ; but cutting out a given design and gumming 
it up into its three-dimensional shape is excellent fun for children ; 
and the resulting models can be used for illustrating the way in 
which the east-facing and west-facing cells meet in the middle of 
the comb (though for demonstrational purposes it is well to substi- 
tute up and down for east and west). In the middle of chapter 8 
of The Origin of Species Darwin gives an interesting discussion of 
the shape of the bee’s cell: its beautiful property that the angles 
of the rhombic surfaces are so chosen as to give the minimum area 
for a given volume is there accounted for by a theory which is 
closely connected with the Rhombic Dodecahedron. 

Looking only at the mouths of the cells, we see, as in a hexagonally- 
tiled floor, that each cell has six neighbours. Why six ? A number 
of equal coins crowded together easily answer this question ; and if 
all are supposed to grow equally in every direction until each is 
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stopped by contact with its neighbours, we have at once the hexagon- 
pattern. That is what happens when bees crowd together the round 
openings of the cells they are making, and each expands its circle 
wherever it can do so without breaking into its neighbour’s. Alter- 
natively we may think of equal circles, if arranged with the minimum 
wastage of space, being flattened into hexagons if soft and put under 
pressure. 

This suggests the corresponding three-dimensional problem : if a 
packing-case is filled with the greatest possible number of equal 
oranges, how many neighbours has each, and into what shape will 
it be flattened if soft and put under pressure? In the ’nineties I 
rummaged hopefully for the answer in the window of a friendly 
greengrocer, but was finally reduced to asking my schoolmasters, 
who suggested “‘ cubes” and changed the subject with indecent 
haste. 

For some years now I have tried, by building a pyramid of glass 
marbles, to show my Fourth-Formers what really happens; but 
cheap glass marbles are not perfectly equal, and the individual 
members of the lowest layer are invariably possessed of evil spirits 
which move them to run away horizontally, or, if confined by a 
stretched elastic band, to squirt vigorously skywards, illustrating 
the conversion of potential and diabolical into kinetic energy. 

The inequality is cured by the use of ping-pong balls, which are 
all (or all that I have measured) 1} inches in diameter and have also 
the advantage that they can be coloured to taste. 22 of them are 
needed for the experiment. 

The evil spirits can be exorcised by the use of a hexagonal tray, with 
equal angles and sides of alternately R(4+2/,/3) and R(2 +2/,/3), 
and vertical walls at its edges, of height equal to, or a little greater 
than, the radius R. In this tray 12 balls can be placed, in rows of 
3,4, 3 and 2 ; and resting on the middle three we place the ball which 
we are considering, which can be coloured red and christened 
“Jimmy”. Jimmy therefore has three neighbours on the level 
below him. 

Round him on his own level we can place six more, as in plane 
geometry ; and above those there are places for three, all of which 
touch our Jimmy. There are two ways of placing the three on the 
top floor : choose the way in which these are not vertically above 
balls on the ground floor.* 

It now appears that Jimmy has 12 neighbours, and will be 
rege into a solid bounded by 12 flat surfaces. What shape will 
they be ? 

Choose one of Jimmy’s neighbours, Joe. Four of Jimmy’s 11 
other neighbours are also neighbours of Joe: so the flat surface 
which he is to impress on Jimmy will be bounded by four other flat 
surfaces: that is, it is a quadrilateral. Is it square ? No, for the 


four adjacent neighbours are placed like this © ’. Therefore 


* Otherwise 6 of our 12 rhombi will be altered into trapezia. 
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the quadrilateral, though otherwise as symmetrical as a square, has 
two of its boundary-intersections (that is, corners) further apart than 
the other two : in fact it is a rhombus. And that is why the shape 
into which Jimmy is squashed is called a Rhombic Dodecahedron. 

How many corners has it, and how many surfaces meet at each ? 

Above Jimmy’s waist there are three “ big windows ”’ through 
which a generous view of his red tummy is visible between four 
squarely-placed balls. Below the waist, and mostly out of sight, are 
three more like them. Each of these corresponds to a corner of the 
squashed Jimmy where four symmetrically placed rhombi will meet ; 
and there are six of them. 

Between the big windows and just below their level are three 
“ little windows ’’, and another on top, through which a very small 
patch of Jimmy can be seen between three mutually touching balls. 
These, with four more like them below, give rise to eight corners 
where three surfaces meet, also symmetrically. Therefore a Rhombic 
Dodecahedron has fourteen corners: at six of them (sharp) four 
rhombi meet, and at eight of them (blunt) three rhombi meet. 

To make a Rhombic Dodecahedron, cut a cube into six equal 
pyramids,* and attach them by elastic bands to the faces of an equal 
cube. The six vertices of the pyramids now become the sharp 
corners of the Rhombic Dodecahedron where the acute angles of four 
rhombi meet ; and at the eight corners of the cube three rhombi have 
their obtuse angles together. Point such a blunt corner up and look 
down on to it. Then look down on to a bee’s cell standing on its 
mouth. Their appearances are identical ; and the six vertical walls 
of the Rhombic Dodecahedron only need producing downwards till 
they end in one horizontal plane to make a perfect model of a bee’s 
cell. 

After that it is easy to imagine many such Rhombic Dodecahedra 
packed together, six meeting at each sharp corner and four at each 
blunt one. Now imagine the pyramids to evaporate, and we have 
half of space filled with cubes which have coincident edges but not 
coincident faces. These cubes, like the spheres concentric with 
them, will turn into Rhombic Dodecahedra if they grow in all direc- 
tions equally until stopped by contact with their neighbours. It is 
not immediately obvious that spheres, when arranged hexagonally 
in each layer, are also arranged squarely, as the cubes are when one 
layer of them stands on the black squares of a chess-board and the 
layer above it hangs over the white squares; but examination of 
the pile of 22 balls will reveal three planes at right angles to each 
other in which the balls are placed squarely. 

If your pile of 22 equal balls is to make the tray its permanent 
home, it will need a cover, which should consist of the seven outer 
common-tangent planes to all the 18 outer balls and the six vertical 
planes of the walls of the tray. In a well-fitting cover the whole 
formation of balls may be built upside-down, and when the tray, 


* These can be used for teaching the volume of a pyramid. 
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balls and cover are shaken together there should be no rattling. The 
calculations connected with it are unsuitable for the young. 








a =3-0353, 

b =0-3789, 

c =4-8355 + -1791q, 

d =0-1581 (1 +q). 
Width e¢=0-1463(1+q), 

f =3-1547 + -1194¢, 

g =1-1716 — -2926¢, 

h =5-1547 +-1194q. 
Width i=0-1552(1+q), 

j =5-2144 + -1791q. 
(No creases along dotted lines.) 











near Kirkmichael in Perthshire. 
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In figure 2, assuming unit radius, 


q is an allowance for the thick- 
ness of the cardboard, so that 
the tray can fit inside the cover. 
To make the sides of the hexa- 
gonal base of the cover longer 
than those of the tray by 2/15R 
(that is -1 of an inch for a ping- 
pong ball), I took q as 1-117. 


Mr. A. F. F. Williamson has shown me some perfectly formed 
rhombic-dodecahedral crystals, which he tells me are garnets, found 


W. Horpr-JongEs. 














THE MATHEMATICAL GAZETTE 


THE EXPONENTIAL AND LOGARITHMIC 
FUNCTIONS. 


By R. Cooper. 


1. THE usual method of developing the theory of the exponential 
and logarithmic functions is to take as a definition either 


x2 


expz=l+z+=— +..., 


« dt 
or log x =[ —. 
it 


The first definition has the disadvantage that with it a good deal of 
the theory of series is needed. Neither development follows the lines 
on which the student first met the functions. A good deal could be 
said for the view that for most students the best type of accurate 
theory is one which fills up the gaps in methods which are already 
familiar. The difficulties of taking 
li ( x\" 
exp x=lim { 1 +2) 


n> 


2! 


as a definition are well known. 

In elementary algebra we study indices and then logarithms to a 
general base. Following a suggestion by Professor Neville in his 
Presidential Address I have worked out the theory on direct lines 
without using the theory of series, since some students ought to 
want an accurate theory before reaching that stage. To include 
complex arguments we need the circular functions. Here unfor- 
tunately if we do not want to use series, it is necessary to define 
the functions by means of their inverses; the difficulties of a 
geometrical definition are great.* It seemed reasonable to take 
the argument so far as to be able to approximate to the functions 
by partial sums of their Maclaurin series. 


2. The exponential and logarithmic functions of a real variable. 

A Dedekind section argument enables us to define a’ for any 
a>0O and any rational number r. After establishing the elementary 
laws of indices we can show f that if z>y>0, 0<r<1 (and r is 
rational) 

ra? (a —y)<al —y"<ry’ (ey). cresesseeeeeees (2:1) 
This, together with a” -a” =a" (a’-" —1), shows that a” is a con- 
tinuous function of the rational variable 7, and is strictly increasing 
when a> 1, and strictly decreasing when 0<a<l. 

We assume a>1 and then can define a* as the upper bound of 
the numbers a’ for all r<x. It will be equal to the lower bound of a” 


* See H. G. Forder, Foundations of Euclidean Geometry (1927). 


+ See G. H. Hardy, Pure Mathematics, p. 139, or Hardy, Littlewood and Pélya, 
Inequalities, Th. 41, p.39. These are referred to as P.M.and H.L.P. respectively. 
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for all r’>a, and will be consistent when z is rational. The elemen- 
tary index laws follow for all real indices and (2-1) extends to 
irrational indices.* For 0<h<1, we have 


ha® (a -1)<a*-1<h(a-1),  seseeseseseeees (2-2) 


and so a*+* — q* =a” (a* — 1) shows that a* is a strictly increasing con- 
tinuous function. The case 0<a<1 can be considered similarly. 
To differentiate a” we have to investigate the existence of 
. ar—] 
lim =. 
roo A 





We need only consider positive values of h. Then we see that we 
need only take h=1/n where n is an integer ; for if n-1<h-<n, 
(a*—1)/h lies between (n-1)(%/a-1) and n("\/a-1). In P.M. 
§75 (p. 139) it is proved that 


f(a) =lim n(X/a - 1) 


exists for each a>0 and has the properties 


f()=0, f(l/a)=-f(@), flab)=f(a) + f(b). ss (2-3) 
We can therefore write 
d 
— @¢ =a* 2. 
a = . _ onei4dnamintvanaveninenmal (2-4) 
Further, since f (a) =lim (a” — 1)/h and (a” — 1)/h lies between (a — 1)/a 
and (a —- 1) when 0<A<1, we observe that f(a)>0 whena>1. Then 
by (2-3) f(a) is a strictly increasing function and 

lim f(a)=+o0, lim f(a)=-om. 
a>+o a—>+0 


It is also continuous because, if a>b>0, 
f(a) —f(b) =Tim n (Ya - 2b), seesesseseeeees (2:5) 
n—->@® 


and so by (2-1) lies between (a —b)/a and (a —6)/b. Therefore the 
equation f (e) = 1 defines a number e uniquely, e is greater than 1, and 


k. Peer Wibbaes cessed teetteseuceaaees (2-6) 


dx 
: d ; ' : 
Sincet 5 eo =qe, if we define logarithms as in elementary 
x 


algebra to base e, the equation (2:4) shows that f(a)=loga. The 
derivative of logx can be found either by the rule for inverse 
functions or directly from (2:5). 


* The obvious extension has “ < ” in place of ‘‘ < ”, but this is enough for our 
purpose. For the extension with “ < ” see H.L.P., p. 41, or use methods suggested 
on p. 18 of H.L.P. 
dy dydz 


tWe have used the rule he 
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We can now establish most of the properties of e” and log 2 in the 
ordinary way. In particular we can apply Taylor’s Theorem (with 
remainder) to show that as x +0, 


x? x? 
e* =] tet te tS +O(|a|"*+), 


2 n 
log (1 -2)=2-5 +...+(-1)"41 — +O(|x|"+), 


and also the expansions as infinite series. 


3. The circular functions of a real variable.* 


We define two functions S (x), C (x)} for -—1<a#<1 and a constant 
a by the equations 


1 
S (x) -[—— : C(x) -| i _ 
o (1 —22)3 2 (1 —?)4 
a =2{S (x) +C(x)}. 
Both functions are continuous and strictly monotonic (and so can be 
inverted), S(x) is odd, and 
~4n =S8(-1)<S(x)<S(1) =}, 
a=C(-1)>C(x)>C (1) =0. 

Euler’s method for the addition formula is to find a relation 
between a2 and y equivalent to S(x)+S(y)=const. Differentiation 
of this gives 

pt te hie Meafallh -<sitchoiastiisel (3:1) 
(1-22) (1-y*)t 
and so 


fa - y?)3 dx + fa —x2)t dy = const. 


Integrating each term by parts and using (3-1), we find 
x(1- y?)t +y (1 —22)* =const. 
Therefore S (x) +S(y) is a function of {x (1 —y?)+y(1 —22)#}. The 
substitution y =0 determines this function and we have 
S (x) +S (y) =S{x (1 —y2)t +y(1 —22)P}, oe (3-2) 


for all x, y such that the three arguments are in the interval 
<-1,1>. Take y= —-1 in (3-2) and we find 


C (a) = 4a - 8 (x) = - S{ - (1 -22)#} =S{(1 - 22/4}. 
(ce dt 
* In P.M. (5th ed., p. 387) these are based on a definition of tan~!x as | Tee 
J0 


The method here avoids the infinities of tan x and enables us to use Euler’s beautiful 
proof of the addition theorem. 


+ C(x) and z are defined and finite because, if 0<2<1-—2-", 


n—1 
S(x)<S(1-2-%< ZF 2-@-VYeg, 
r=1 
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We now define functions x=sin 0, y=cos¢ to mean 0=S(z), 
¢=C(y). sin@, cos¢ are strictly monotonic and continuous and 
are defined respectively for —}7<@<}z7, 0<¢<z. They satisfy 


sin ($7 — 6) =cos 8, | 
sin?9'+cos9@=1, _—«_—__._ Hreweeccisveeee (33) 


sin (0 + ¢) =sin @ cos ¢ + cos @ sin 4,| 


wherever the functions concerned are all defined. These give, when 
§,¢,0+¢areallin <0, }7>, cos (6 +4) = +(cos 6 cos ¢ — sin @ sin 4). 
The upper sign holds when ¢ =0 ; by continuity it could only change 
to the lower sign when cos(@+¢)=0. Therefore, for 0,4, 0+¢ all 
in <0, 47>, we have 


cos (9+) =cos 6 cos P—Sin ASIN dP. ....seeeeeeeees (3-4) 


The range of definition of sin 6, cos 6 is extended to all real 6 by 
writing 
sin (nz + 0)=(-1)" sin 0, cos(nz +6) =(-1)" cos 0. 
We have to verify that (3-3), (3-4) hold everywhere, and that every- 
where * 
d . d . 
qo 6=cos 6; 7p °°8 @= -sin 0. 

The only difficulty in extending the range of the addition formulae 
is the first step, the removal of the restriction on 6+¢ in (3-33) and 
(3-4). From these by replacing ¢ by ¢ — 6 and solving we obtain the 
usual formulae for sin (y—6@) and cos (%— 6) subject to the condition 
that 6, 4, ~—-@ all lie in <0, n>. Next if 0, ¢ are in <0, 47> 
but 6+¢>47, we take numbers «, 8 such that 

0<a<0, 0<B<¢, «+f=}7, 
and obtain the desired result by expanding in two stages 


sin (0+ 4) =cos {0 — «) + (P— B}). 


We can now find the Maclaurin series for sin 0, cos @ with or with- 
out a remainder term and see that Euler’s formulae 


sin 6 =(e —e-)/2i, cos @ =} (e4% +e-#) 
«@ 
are formally satisfied if e is taken to mean 2(70)"/n!._ The properties 
of the other trigonometrical functions follow by elementary methods. 


4. The complex variable case. 
We define e**#* to mean e*(cos 8 +isin 8) when «, B are real and 
can verify the index law e? . e”’ =e***’, 
Any non-zero complex number can be expressed uniquely in the 
* The verification of the derivatives is almost trivial except at multiples of 47, 


and here is much simpler than if our basis were tan-! 2, as we do not have to deal 
with the infinities of tan x. 
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form r (cos 6 +7 sin 0) =re® with r>0, —7<@<z, and so we define 
log (re) to mean logr+i@. This gives * 


log ab=log a + log 6 (mod 277). 
We have 


log (1 + re®) = 4 log (1 +2r cos 0 +r?) +¢ tan ( 


\ 


r sin 6 
1+r cos 0/7" 


Applying the mean value theorem to the real and imaginary parts 
separately, we find, as r > 0, 


MEE 4 ONE MOO)... dep ectin ecb cccivorsssees (4-1) 


The series with remainder terms. 


The exponential series is easily established. For any fixed value 
of n we have, as z=a%+iy>0, 


x” 1 
er =] ++... +5 +O(|x|"+), 


cos y +7 sin y=1 + (ty) +... ol +O(| y|"+4). 


Direct multiplication gives + 


ef =l4z+... += +0((2 |"). siilniesnacanll (4-2) 


The logarithmic series gives more trouble. We prove it and the 
binomial series together. If m is a positive integer, we know by 
elementary algebra that 


me W... m\ m r m 
(1 +2) =1+(T)24..4(™)z +... +2™. 
Therefore, if m is a positive integer greater than n, 
Mm ad ™ n n+l . 
(L+zym—14(P) 24... +(™) +O Z|), sosseee (4-3) 


as z—>0, and the O is uniform with respect to m in any range 
n<mc<k. 
We have also by (4-1) and (4-2) 


." {m log (1 +2)}" 


m log (1+z) — 
e 1 +m log(1+z)+.. nl 


+O(|z|"+4), ...(4-4) 
in which the O is uniform with respect to m for all real or complex m 
satisfying | m |<k. 

Equating (4:3) and (4-4) when they are both known to hold, we 
get an equation 


Am + Bm* +... + Hm® =O(| 2 |*+1), ........ceceeee (4:5) 
* We have defined and use only the principal value of log z. 
+ The error term is the sum of a finite number of terms each of the form 


O(|x|"|y|’) where n+1<r+s<2(n+1). 
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in which A, B, ... H are certain functions of z ; in particular 


: at at nit?") 
A =log(1 +2) (2 +3 .. +(-1) nl" 
The O term in (4:5) is uniform with respect to the integer m for 
n<mck, 

Taking n equations of the form (4-5) for different values of m, each 
value being an integer greater than n, we can solve for A, B,... H 
and assert that each is O(|z|"*+1), because 


, 2 3 n 
™M,, My", My", «-- M 





Ms, Me”, poe 


R., M,*, ne Se 





is zero only if two m,’s are equal or one is zero. The particular case 
of A gives the logarithmic series in the form 


2 n 
log (1 +z) =z ne +...+(-1)"*! ~ +O(|2|"*) 


as z—>0. 

The general case of A, B, ... H shows that (4-5) holds for each real 
or complex value of m and not merely for certain positive integers. 
Combining this with (4-4) we see that the binomial theorem holds in 
the form (4:3) for any real or complex value of m. R. C. 


1069. Macmillan christened him the Erg (an erg apparently being a unit of 
horse-power in the movement of molecules, and therefore the smallest known 
force in nature).—From “‘ Highbrows and Lowbrows ”’, in Jungle Tales (Black- 
wood). [Per Mr. 8. T. Aston.] 

1070. The idea represented by the word [mathematics] is singular, not 
plural,... Fear of the Trades Union Congress prevents me from interpreting 
“modern mechanics are difficult ”.—Herbert Dingle, letter in Time and Tide, 
June 1, 1935. 


1071. Some writers on Dynamics have rendered the study of that branch of 
Mathematics more difficult than it needed to have been made, by endeavouring 
to decide by abstract reasoning what the Properties of Matter must necessarily 
be, rather than, by having recourse to observation and experiment, to see and 
determine what they actually are.—J. C. Snowball, in the Preface to his edition 
of J. Wood’s Mechanics, Cambridge, 1841. [Per Prof. E. H. Neville.] 

1072. There is something of mathematics in the style—the argument of a 
geometrical proposition, or the neatness of a problem in algebra. ‘‘ Well, 
Lucilla (answered Euphues), this case breedeth my sorrow the more, in that it 
is so sodeine, and by so much the more I lament it, by how much the less I 
looked for it °’—in such proportion sums do Euphues, Philautus, and Lucilla 
express their wit, love, and jealousy.—From an article on Lyly’s Euphues, in 
John o’ London’s Weekly, August 17, 1935. 

1078. Riaut Orr THE Map. 

“...in his paper... published in Selbstverlag, 1926, and reprinted in 
Astronomische Abhandlungen. ...’—Monthly Notices R.A.S., 95, p. 722 
(October, 1935). [Per Prof. E. H. Neville.] 
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A THEOREM BY WAKEFORD * AND ITS 
EXTENSIONS TO HYPERSPACE.+ 


By H. Los. 
1. Introductory. 


By a space of n dimensions we mean a region in which the position 
of a given point is determined by n independent coordinates. If the 
region is such that the shortest distance between any two given 
points is the straight line joining them, the space is termed flat ; 
the geometry of a flat space is akin to that of the plane as con- 
trasted with, say, spherical geometry. For brevity, a flat space of 
n dimensions will be denoted by the symbol [n]. 

The locus represented by the linear equation 


ax+by+cz+...=1, 


where a, 6, c, ... are constants, is called a prime ; it is evidently a 
[xn —1]. m primes of general position meet in a single point, ( — 1) 
in a line, (x —2) ina plane, ...._ An equation of the second or higher 
degree in the coordinates represents a locus which is a curved space 
of (x — 1) dimensions ; 7 such loci meet in a group of separate points, 
(xn —1) in a curve, (n —2) in an ordinary surface, ... . 

As in Plane Geometry, it is often convenient to take the ratios of 
(n + 1) homogeneous coordinates rather than n Cartesians. For such 
a system we need a simplex of reference corresponding to the triangle 
of reference. A simplex in [n] is the figure formed from (n +1) 
points ; each point is a vertex of the simplex, and the prime through 
each set of n vertices is a face. The figure can thus be obtained 
equally well from the intersections of (n +1) primes. Our equations 
now become homogeneous in (n +1) coordinates and, as mentioned 
above, a system of (n — 1) simultaneous equations will specify a curve 
in the [n]. 

The type of curve dealt with in the sequel, known as the Rational 
Normal Curve,t is of special interest. Here the coordinates of any 
point can be expressed as rational integral functions of a parameter, 
and by a proper choice of the simplex of reference, in the form 
(0", @"-1, ... 8, 1). Two vertices of the simplex lie on the curve, viz. 
those corresponding to @6=0 and @=a, (0,0,0,...0,1) and 
(1,0,0,...0). If we project the curve from either of these vertices 

* Edward Kingsley Wakeford, a young Cambridge geometer, was killed in 
action in 1916. For an account of his work see a memoir by J. H. Grace in the 
Proceedings of the London Mathematical Society, vol. 16. Even whilst at the 
Front, Wakeford contrived to continue his geometrical researches, and attempts 
have been made to put together the scattered notes found in his trench kit. 


The theorem on which this paper is based was published in the Messenger of 
Mathematics, vol. 42. 

+ The subject-matter of the present paper has also been dealt with by F. P. 
White (Proceedings of the Cambridge Philosophical Society, vol. 23). White 
derives comprehensive results, which include those given here, from the properties 
of related pencils. 


t For a full discussion of curves in space see Baker’s Principles of Geometry, 
vol. v. 
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upon the opposite face we get the corresponding curve in [n—-1], 
viz. that specified by the coordinates (@"-!, @"-?, ... 1) referred to 
the simplex constituted by the face. By projecting successively in 
this way we finally arrive at the conic (6?, 0, 1). 

A property we shall make much use of is that the equation of the 
prime through points («,), (a), (a3) ... (#,) is 


L— Ya, +22 H%, —tZ a,x, ... =0. 
This is obtained by simplifying the determinant 


x, Yy; Z; t 
a”, a7, oP ar. «cd 
= — _ — 
a5”, a,” 1 ay” 2. a” eS... Bi=<@. 
Cay Gets sees 7 anes. | Roe 
It follows, by putting «,=a,=a,;=...=0, that the Osculating 


Prime at (8) is 


n\ n n 
* Ze eo a 
x (7) 6y + (3) ore (%) oo =O, 
Another and fundamental property of the curve is that every 
prime meets it in n points. 
2.1. Wakeford’s Theorem. 


Points on a Twisted Cubic can be represented parametrically by 
coordinates (6°, 6?, 8, 1) referred to a tetrahedron X YZT'. The tetra- 
hedron is such that X is the point @=o and 7 is the point 6=0. 


The plane X YZ is the osculating plane at X, 


YZT +B 9? ” T 3 
XZT contains the tangent at 7’, 
XYT > > > a. 


If we project the curve from 7' upon the plane t=0, we get points 
whose homogeneous coordinates with respect to X YZ are (6°, 6?, 6), 
i.e. (67, 8,1). Hence the projection is a conic S. 

2.2. Chords intersecting a given line L, which does not cut the cubic. 

Let L be a,x +by+c,z+d,t =0) 

Agr + bey +C9z + dot =0f 
and let the chord be that joining the points («) and (8), A and B, say. 

The projection of AB on plane t=0 is x—y(«+f)+zaB=0 with 
respect to the triangle X YZ, 

for A projects into the point («?, «, 1), 
and B es is a (B?, B, 1) 
with respect to X YZ. 
Now if we write this equation as lx + my + nz =0, 
then the plane TAB is lx+my+nz=0 
and the plane XABis ly+mz+nt =0 
with respect to the tetrahedron X YZT. 
Ss 
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For the plane through (a), (8), (y) is 


a—y(«+B+y)+2(By + ya +aB) —toBy =0, 

so that the plane 7'AB, through («), (8), (0) is x —y(« +f) +zaB =0, 
and the plane X AB, through (a), (8), (2) is —y+z(«+B) —toB =0. 

Thus AB is the line lx +my+nz=0) 

ly + mz + nt =0} 

If this meets LZ, then equations (i) and (ii) are satisfied simul- 
taneously. 

Thus tl mn 


0 
GOtm sn i 
ho ee REED: wotnecaevesueceee (iii) 


The projection of AB is therefore a line lx+my+nz=0 whose 
tangential equation is given by equation (iii), a quadratic. Its 
envelope is therefore a conic, 2. 

It will be shown in the next paragraph that 2 is such that a 
triangle can be described about it so as to be inscribed in S. 


2.3. The property may be obtained synthetically as follows : 

The plane through L and the point A cuts the curve in two other 
points B and C, which give the only chords from A which inter- 
sect L. 

Thus there are two points corresponding to A in the system of 
chords projected, so that there is a (2, 2) correspondence between 
the points on S obtained by projecting the chords. 

Thus the projections all touch some one conic 2. 

Further, since BC, CA, AB all intersect L, their projections 
bc, ca, ab all touch 2, and of course a, b, c are themselves on S. 

Hence 2 is such that the triangle abc described about it is 
inscribed in S. 


2.4. Now consider three planes P,, P,, P, cutting by pairs in lines 
L,, Ly, Ls. 

If these meet the cubic in A,B,C,, A,B,C,, A,B,C, then, since 
the sides of A,B,C,, A;B,C, meet the line L,, the projections a.b,¢., 
agb,c, are such that their sides all touch a certain conic 2). 


Similarly, the sides of a3b,c3, a,b,c, touch a conic 2, 
and the sides of a,b,c,, a,b,c, touch a conic 23. 


Now the lines L,, L,, L, meet in a point, viz. that common to the 
three planes P,, P,, P3, and it is a property of the Twisted Cubic 
that through any general point just one chord can be drawn. 

Since this chord meets L,, L,, Ls, its projection touches 2,, 25, ay 
Hence 2,, 2,, 2 have a common tangent. 
This is Wakeford’s Theorem, proved by him somewhat differently. 
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2.5. Stated in full, the theorem comes to this : 

If two triangles are inscribed in a conic S it is well known that 
their sides touch another conic . If three triangles are inscribed 
in the conic S, then to each pair corresponds a conic 2, so that we 
get three conics 2,, 2, 2’. 

Wakeford’s Property is that 2,, 2,, 2 have a common tangent. 

3.1. Consider the Quartic Curve in [4], with XYZTU as simplex 
of reference. 


The prime through («), (8), (y), (8) is 
x-—yda + a —tXaPy + uxByd =0. 
Hence the prime joining («), (8), (y) to U(@=0) is 
x—y(a+B+y) +2(By +ya +a) —toaBy =0. 
And the prime joining («), (8), (y) to X(@=) is 
—y+2z(at+B+y) —t(By +ya+oB) +uxBy =0. 
Thus the tri-secant plane (i.e. plane through three points of the 


curve) through the points A, B, C whose parameters are «, 8, y has 
equations 


t—y(a+B+y)+2z(By +yoa +B) — taBy =0) (i) 
y = z(a +B ++) as t (By + yo +o) —uapy =0) ote teeeeeeees 
Now, if A, B, C are projected from U upon the prime u=0, and 
the curve projected similarly, we get the points («), (8), (y) on the 
Twisted Cubic of § 2 with X YZT as tetrahedron ’ reference. 
The plane through these points has equation 


x-y(a+Bt+y)+z(By+ya+aB) —taBy=0 ............ (ii) 
with respect to XT'ZT in the space u=0. 
Writing this as lx+my+nz+pt=0, we have, for the equations 
of plane ABC in the [4], 
lx +my +nz + pt =0) 
ly+nz+nt+pu=0f ° 
If this intersects a given line L, which does not meet the curve, 
and whose equations are 
a,x +by +¢,2+d,t+eu= — 
Myx + boy + Coz + dgt +e.u =0}, 
Agx + bay + Cz + dot + eu -o} 


then lL mn p O 
Oot mn p 
ee a ie ei el ee 
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Thus all tri-secant planes in the [4] which meet the line L project 
into planes touching the quadric whose tangential equation is (iii). 
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[In general, a line and a plane do not meet in space of four dimen- 
sions. ] 

3.2. Take three primes P,, P,, Ps in the [4]. 

These meet in a line Z,, say ; let them cut the curve in points 
A,, B,, C,, D,, 

The planes 'B, C, 1D,, C,D,A,, D,A,B,, A,B,C, are tri-secant planes 
meeting L,, and ‘similarly B.C,Dz, ... B3C 1D, ... are tri-secant planes 
meeting L,. 

Project from U upon the prime «u=0 as above and we get the 
cubic of § 2, having three tetrahedra a,b,c,d,, dgbocod., a3b5C41, in- 
scribed in it. 

From § 3.1 their twelve faces all touch a certain quadric. 

Any tetrahedron in w=0 is the projection of some prime in the 
[4]. Hence if any three tetrahedra a,b,c,d,, agboCod., agb,c,d, are in- 
scribed in a Twisted Cubic in [3], their twelve faces touch a certain 
quadric, 2, say. 

3.3. Take four primes P,, P,, P;, P, in the [4]. 

These meet in a point and it can be shown that through any 
general point an infinite number of tri-secant planes can be drawn. 

Thus the quadrics 2,, 2, 23, 2, obtained from each three of the 
tetrahedra a,b,c,d,, ... agb,c,d, inscribed in a Twisted Cubic have an 
infinite number of common tangent planes. 

It is easy to see that the tri-secant planes through a point (y{zp) 
project into planes through (&n{r) and (nfrp), so that the tangent 
planes mentioned above all go through a fixed line. 

This line must therefore be a common generator of X,, 25, 2'3, 2X4. 


3.4. Consider now chords of the Quartic which meet a given plane II, 
which does not cut the curve. 


The chord AB, joining («) and (8), is the a lead. ets a a rye 
through [(«), (8), (0), (0)], [(a), (B), (0), (%)], [(a), (B), 20 )] so 


that its equations are 


y(a+B) + zaB = ~_ 
y — z(a+f8) + taB=0; (i) 
z— t(a+P)+uap= ee 


Projecting from U to the face w=0, and then again from 7’ upon 
the plane X YZ, we get the line 
%—Y (+B) +ZaB=O. .....crcccccscccccrcceveess (ii) 
If we write this lx +my+nz=0, the equations (i) of the chord 
AB become 
lx +my + nz gt 
ly +mz +nt =0 
lz +mt + nu -0) 
Let the equations of IT be 
a,x + by + cz +d,t +e,u=0) 
Ax + boy +52 + dot +e,u=01 ° 
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so that the envelope of the projection is the (plane) curve whose 
tangential equation is (iii), 7.e. a class-cubic. 


3.5. Take two primes, cutting the Quartic in A,B,C,D,, A,B,CzDz. 

These intersect in a plane and the chords A,B,, A,C;, ... ApBo, 
A,C,, ... all meet this plane. 

Hence their projections as above described all touch a class-cubic. 

Thus if two quadrangles a,b,c,d,, a,b,c.d, are inscribed in a conic, 
the twelve joins of the vertices of each touch a curve of class 3. 





3.6. An interesting application of this property is obtained by 
taking a,, b,, c,, d, as fixed orthocentric points and letting a,b,c,d,. 
close up continuously in such a way as to keep two of its diagonal 
points fixed at the circular points w, w’ ; since the conic is a rect- 
angular hyperbola we can do this. In the limiting position a,b, and 
cyl, become asymptotes, ad, and b,c, become coincident tangents 
to the class-cubic at w’, and a,c. and 6,d, coincident tangents at w. 
Hence the asymptotes of the rectangular hyperbolas through a,b,c,d, 
touch a curve of class 3 which touches the six joins a,),, ... and also 
touches the line at infinity at the circular points. Such a curve 
must be a 3-cusped hypocycloid. Also it is the same curve for all 
the rectangular hyperbolas, for it is determined by what in effect 
isequivalent to nine given tangents. Hence the asymptotes of the 
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pencil of rectangular hyperbolas through four orthocentric points 
envelop a 3-cusped hypocycloid. 

3.7. Reverting to the property of § 3.5 let us take three primes. 
These meet two by two in planes, so that we get three quadrangles 
in S, with the sides of each pair touching a class-cubic. Now the 
three primes meet in a line, and it is a known result that three chords 
of the Quartic in [4] can be drawn to intersect a given line. These 
will also meet the three planes of intersection, so that their pro- 
jections will touch all three class-cubics. Finally, then, we have 
the result that, given two quadrangles inscribed in a conic, the two 
pairs of six joins of vertices all touch a class-cubic. Given three 
quadrangles, we get three such class-cubics and they have three 
common tangents. 


4.1. Take a Quintic in [5]. 

If the chord AB meets the [3] whose equations are 
a,x+by+... +fyv=0) 
ax +byy+...+fov=0)’ 


then the projection of AB upon plane X YZ touches the curve 


jb mn 0 0 0 
0 man oo 
00 tl man oO 
00 0tmn 
ab 4g d ey f; 
@, by Cy dy & fe 
From this we get, exactly as before, that if two pentagons are 


inscribed in a conic the two sets of ten joins of vertices touch a 
class-quartic. 


=0, a class-quartic. 








4.2. If the plane ABC meets the plane whose equations are 


ax+byt+...t+f,v=0) 
Ax + by +... sor te 
asx +bsy +... +f,v =0 
then the projection of ABC on the [3] X YZ7' touches 


times p 0 0 
0ol mn p O 
° ¢. + .$e as 2 


b 1 =0, a class-cubic surface. 
% oh & da & f 
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Thus if three pentads are taken on a Twisted Cubic, the planes 
through every three points of each pentad touch a surface of class 3. 





th 


to’ 


are 
ha 


ce. 


snes 
is 3. 











A THEOREM BY WAKEFORD 


4.3. If the [3] ABCD meets the line a,x+...+fv=0 
ax +... + fev =0 
asx +... +f, =0 
at... +f =O 


then the projection of ABCD on the [4] X YZTU touches 





[cmnp q Oo 
.. -— 2 2 2 
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=0, a quadric in [4]. 
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Hence if four pentads are inscribed in a rational quartic curve, 
the [3]’s through every four vertices of each touch a quadric in 
the [4]. 

As regards the tangency properties, for three pentagons in a conic 
the curves obtained from each pair have six common tangents, for 
four pentads on a twisted cubic the four class-cubic surfaces obtained 
from each three have an infinite number of common tangent planes, 
whilst for five such pentads the ten class-cubic surfaces have a single 
common tangent plane, for five pentads on a rational normal quartic 
the five quadrics in [4] obtained from each four have an infinite 
number of common tangent [3]’s. 


5. It is now clear how these theorems go. 

If two n-gons are inscribed in a conic, the joins of vertices of each 
touch a curve of class (n —1). 

If three n-ads are inscribed in a cubic curve in [3], the planes 
through every three vertices of each touch a surface of class (n — 2). 

If four n-ads are inscribed in a quartic curve in [4], the [3]’s 
through every four vertices of each touch a locus of class (n -—3) 
in the [4]. 

And so on. 

In each case, by taking an extra n-ad we get a number of loci 
corresponding and these have common tangency properties. 

All the theorems can be proved as above, by taking two elements 
whose equations make up one more than the number of dimensions 
in the space considered, and then projecting successively from this 
space upon spaces of lower dimensions. H. L. 


1074. Duck Ecos. 

At the club the other day the conversation turned to the usefulness (or other- 
wise) of Back-bench Members of Parliament. ‘‘ Have back-benchers any 
recognised use at all?’ asked somebody. ‘‘ None”, came the prompt reply. 
“ Back-bench Members are ciphers whose function is to remove the Significant 
Figure as far as possible from zero ”’.—Morning Post, February 26, 1936. [Per 
Capt. I. FitzRoy Jones.] 
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CORRESPONDENCE 
To the Editor of the Mathematical Gazette. 


Str,—We have read with interest, but also with considerable 
uneasiness, the translation of the German publication DIN 1303 on 
Vector Notation in the article by G. Windred on that subject in 
the July number of the Mathematical Gazette. While agreeing with 
Mr. Windred on the importance of achieving a general agreement on 
the subject of vector notation, we wish to express the hope that 
the notation for products of vectors proposed in DIN 1303 (sections 
5 and 6) will not be generally followed, since it is unsatisfactory in 
several respects as we shall show, and we would suggest that the 
standardisation of an unsatisfactory notation might be a worse 
misfortune than the present lack of uniformity. 

In our view, the notation for products of vectors suggested in 
DIN 1303 is often cramping and inconvenient in practical working, 
and may be ambiguous, or at least not easy to interpret, in any 
but the simplest algebraical combinations of vectors, and is not 
well suited to the natural extension of vector analysis. We wish 
to express our opinion, based on trial of several different notations, 
and practical experience, of the superiority of Gibbs’ notation * in 
all these respects. Of the notations mentioned by Mr. Windred, the 
only two which, as far as our experience goes, are at all widely used 
now are those ascribed to Gans (in which the scalar and vector 
products are denoted by enclosing the symbols for the vectors in 
round and square brackets respectively) and to Gibbs (in which 
the two products are denoted by a dot and a cross, respectively, 
between the vector symbols). We feel that the standardisation of 
a notation differing from either of these, as the notation of DIN 1303 
does (though it is related to. that of Gans), could only be justified 
on the ground of definite superiority, and we do not consider that 
the notation of DIN 1303 satisfies this condition at all. 

The use of a particular kind of bracket to indicate a particular 
kind of product is in practice very inconvenient except for the 
simplest algebraical expressions. Brackets are already overworked 
symbols in mathematical notation, and this may already lead to 
ambiguity apart from any special use for products of vectors. For 
example, g(x +y) may mean a function of the variable (x+y), or g 
here may be a coefficient multiplying (x +y), and only the context 
can decide between the two meanings. The ambiguity is still more 
pronounced in more elaborate expressions, such as 


gf (x+y) +$(x-y)], 
for example. 
Also, apart from the use of brackets to enclose the variable of a 
function, their use, in particular contexts, to indicate particular 


* See Gibbs, Collected Works, Vol. II, section on Vector Analysis ; or Weather- 
burn, Elementary Vector Analysis. 
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kinds of products (or other combinations of the quantities con- 
cerned) cramps very severely their use in their purely algebraical 
sense, of indicating the order in which operations of addition, 
multiplication, etc., are to be performed. It is a good general prin- 
ciple that in a connected piece of work each symbol should, as far 
as possible, be used in a single sense throughout ; any departure 
from this principle introduces possibilities of confusion and ambi- 
guity, or at least makes expressions more difficult to read, since if 
a symbol is used in two senses, the reader has to consider in what 
sense to read it each time it occurs. If a bracket notation is used 
for products of vectors, it is often impossible to avoid either violating 
this principle, perhaps even within the bounds of a single formula, 
or adopting some other symbol to serve the purpose for which the 
bracket is no longer available, which is a hardly less unsatisfactory 
procedure. 

Thus to give particular meanings to particular kinds of brackets 
in particular contexts is cramping in the algebraical manipulation 
of any but fairly simple expressions, adds to the possibility of con- 
fusion and ambiguity, and makes expressions needlessly difficult to 
read. 

For this reason we are glad to see that for a scalar product 
the use of round brackets has been discarded in the proposals of 
DIN 1303, but consider the retention of the square brackets for the 
vector product to be unsatisfactory. The representation of a 
scalar product by the juxtaposition of the two vector symbols with- 
out a multiplication sign, as proposed in DIN 1303, seems harmless 
as far as vectors alone are concerned, but is not convenient for 
further developments as we shall explain later. 

On the other hand, the dot and cross used to indicate the scalar 
and vector products in Gibbs’ notation are not overworked symbols. 
They are only required as signs of multiplication in numerical, as 
distinct from algebraical, expressions, and their use in products of 
vectors is. clear, unambiguous, and easy to read, and is convenient 
for the extension of vector analysis ; and it seems to us that the 
standardisation of a less convenient notation would be a retrograde 
step, likely to hinder rather than help the further use and develop- 
ment of vector analysis. We would recommend one small modi- 
fication of Gibbs’ notation, namely the use of AB rather 
than AxB for the vector product, to avoid the possibility of 
confusion between the multiplication sign and the letter x or X in 
manuscript. 

One feature of a good notation is that it can easily be adapted to 
extensions and developments of the subject for which it was origin- 
ally designed, and, as Mr. Windred points out, it may even suggest 
such developments ; and here also Gibbs’ notation seems to have 
considerable advantages over a bracket notation. 

The first natural extension of vector algebra is provided by the 
concept of a tensor (also called a “linear vector operator” or 
“dyadic ’’) and the development of an algebra involving such 
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entities,* which is both interesting as a mathematical develop- 
ment, and useful in physical applications. It is perhaps significant 
as regards the relative values of the two notations from this point 
of view that, using the dot and cross notation for products of 
vectors, Gibbs did develop an algebra and calculus of tensors, 
whereas, so far as we are aware, no comparable development was 
made by anyone using a bracket notation. 

When this extension is taken into account, there are not only the 
two products of two vectors mentioned by Mr. Windred, but also a 
third, the complete or ‘“‘ dyadic ” product, for which a notation is 
required. This product is not mentioned in DIN 1303, which seems 
to have been framed from the point of view of vector algebra and 
analysis only, without any reference to this further development. 
As far as we can see, the notation of DIN 1303 cannot be extended 
consistently and satisfactorily to deal with tensors, as will be shown 
below, whereas Gibbs’ notation, in which the complete product is 
represented by the juxtaposition of the vector symbols without a 
multiplication sign, permits this extension consistently, clearly, and 
without the introduction of any new symbol. 


The following are examples of the difficulties of extending the nota- 
tion of DIN 1303 to tensor algebra and analysis. 

(a) Following the notation of DIN 1303, in which the scalar product 
of two vectors is indicated by the juxtaposition of the vector symbols 
without a multiplication sign, the direct or “ scalar ”’ product of two 
tensors (7'.S in Gibbs’ notation) would presumably be written 7S 
without a multiplication sign. But then there is no further modifica- 
tion (other than the introduction of a special symbol) for the double 
scalar product, which in Gibbs’ notation is naturally written 7':S. 


(6) In any notation other than Gibbs’ for the dyadic product of two 
vectors, the elegant form of the identity (AB).C=A(B.C), and the 
consequent possibility of writing this vector unambiguously as AB.C 
without brackets, would be lost. 


(c) The absence of a dot between V and A in the tensor VA (in Gibbs’ 
notation) is the counterpart of the absence of a dot between VY and ¢ (a 
scalar) in the vector V¢. This correspondence would be lost if VA 
were taken to mean the (formal) scalar product of V and A, i.e. div A, 
as it would do according to the notation of DIN 1303. 

These are the reasons for which the representation of the scalar 
product by the simple juxtaposition of the vector symbols, suggested in 
DIN 1303, seems unsatisfactory. 

(d) Using the bracket notation for vector products of tensors and 
vectors, it is not possible to make the notation show that the tensors 
which in Gibbs’ notation (modified as suggested above) are written 
(AAT)AB and Aa(7TAB) are the same. 


We would like to emphasize that, as we ourselves originally learnt 


* For the benefit of those readers who may be unacquainted with this develop- 
ment of vector algebra, and who have only heard of tensors in the rather formidable 
context of the mathematical theory of relativity, we may explain that the tensor 
algebra here referred to is not concerned with that elaborate development, but is 
much simpler. 
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the subject of vector algebra and analysis in terms of the bracket 
nutation for products of vectors, our views on the subject of notation 
for these products are not the result of a mere conservatism, but are 
the fruit of experience, first of the unsatisfactory nature of the 
bracket notation, and then of trial and use of others. The notation 
which we recommend we have tested and used for several years 
in the course of systematic lecturing on vector algebra and analysis, 
and on their application to mechanics and other branches of applied 
mathematics ; in this work and in research, we have found it to be 
entirely satisfactory, not only in developing and expressing general 
theorems, but also in the investigation and working out of particular 
problems. 

Some readers, familiar with the “‘ suffix notation ’’ for the tensor 
calculus, as used, for example, in the general theory of relativity, 
may feel that the devising of a convenient suffix-free notation for 
vectors and tensors is superfluous. We would only say that, in 
many problems and investigations for which a suffix notation is 
unwieldy, much economy of thought and power of manipulation is 
achieved by a suffix-free notation. The translation from Gibbs’ 
notation to the suffix notation (only rarely necessary) is provided 
by a few simple rules ; for example, a dot is always to be replaced 
by suffixing the two symbols it separates by two consecutive 
identical (dummy) suffixes. D. R. HaRTREE. 

S. CHAPMAN. 
KE. A. MILNE. 


MODELS OF AN ABACUS: AN OFFER. 


Four or five years ago Messrs. Platt & Co., Educational Publishers, of 
Wigan, under my directions produced a model of the Roman abacus 
in the British Museum (with an accompanying leaflet), suitable 
for wall decoration or for performing calculations to illustrate early 
arithmetic. Dr. Rouse has recently become interested in it and the 
publishers, at his request, have made a reduction in price for mem- 
bers of his association (for the reform of Latin teaching). They have 
also improved the model so that the counters or beads are very 
easily manipulated. I thought that this concession having been 
made should be open to the members of the Mathematical Associa- 
tion, and the publishers have agreed to make the same reduction, 
viz. 15° from the net price of 30s. The model is hand-made, about 
2 ft. by 14 ft., finished bronze colour to match the original, and 
framed in dark oak. R. 8S. WiILLiaMson. 








1075. Herself a chemist, she worked with her husband, M. Pierre Curie, a 
physicist, in the new field, which in its early days called for all the help it could 
get from both sciences. Now the subject is getting worked out as far as the 
chemist is concerned, and even the physicist is being subordinated to the 
modern transcendental mathematician and his strange ways of economising, 
not to say avoiding, thought.—F. Soddy, The Interpretation of the Atom, p. 7. 
[Per Mr. E. V. Smith.] 
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MATHEMATICAL NOTES. 


1207. On differentials. 


The note No. 1174 “ On differentials ”’ (Gazette, XX, p. 52) does not 
really put the correct position. The quotation given begins with a 
sufficient condition for a curve to be rectifiable. Now the necessary 
and sufficient condition for the curve x =f (wu), y =g (u) to be rectifiable 
in «<u<f is that f(u), g(uw) should be both of bounded variation in 
(x, 8). So it is possible for there to be a countable everywhere dense 
set of points on a rectifiable curve at which it has no tangent. 

In the study of curves a paper by Mr. 8. Pollard “ On Plane 
Curves ” (Proc. L.M.S., ser. 2, 27, 1927, 105-136), should be read 
(not by schoolboys). This shows clearly that differential and integral 
relations can and should be studied independently. I may perhaps 
mention three things from his paper. 

At points on a curve we can have * ds*>d2z? + dy? (this can be read 
as {s’ (w)}*>{f’(u)}* + {g’ (u)}*) ; and we have ds? =dz? + dy” at each 
point at which the sum {f’ (w)}? + {g’ (u)} is continuous. 

The care needed in employing the last formula on p. 82 of the 
Gazette, XIX, when differentials are used, may be pointed out again. 
It should read ¢ dp dh. 

p=pt dy? —t aye? 
the last term here is zero only if #% is a linear function of the inde- 
pendent variable. 

In using differentials [ consider that everything in the problem 
depends on one or more unspecified variables (€) different from those 
explicitly used. Then the last step in the problem is the specification 
of certain of the variables appearing as being the independent 
variables, i.e. that they are each a linear function of one of the 
variables € ; this is obviously to be done by putting their second 
differentials zero. R. Cooper. 


1208. On differentials. 


1. The Note (No. 1174) on this subject, in the February Gazette 
(XX, No. 237, p. 52), referring to my article in Vol. XIX, is further 
evidence (were that necessary) of the great value of the method of 
effective discussion, which has become so remarkable a feature of 
the work of the Association in recent years. Both of the points made 
in the Note are of peculiar interest and importance ; and I would 
have included notes about them in the article§, had I been writing, 
not on Differentials, but on Differential Geometry—to which latter 
subject my references were merely incidental, and illustrative. Such 
notes could, however, have been only of the briefest kind; and I 
gladly take this opportunity of writing fuller notes in reply if only 


* Pollard, p. 123. t p. 109. t p. 107. 


’ 


§I wrote a “ Note on the Envelope-Investigation ’ 


about thirty years ago, in 
Proc. Edin, Math. Soc., xxv, p. 67. 
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for the sake of my own thinking (especially on the first of the points, 
which I have long meant to try to clear up definitely for myself). 


2. Arc-length. 


The first of these points is the more important, and the more 
subtle. 
It is, of course, agreed that 


8 -[ ee | ee ene (i) 


‘ 


—or other, equivalent, form—is ‘‘a direct deduction from the 
definition of the length of an arc [regarded] as the limit of an in- 
scribed polygon ”’; and that there are good mathematical grounds 
for the affirmation that 

CP eh + BP ccdicccsmoennisiveminii’ (ii) 


is ‘‘ not the source of (i) but a deduction therefrom ”’. But it is an 
overstatement of the case to say that “ until (i) has been established 
no meaning can be attached to (ii) ””. For, when we consider the 
“source ’’ of the definition of arc-length, expressed by (i), we see 
that it is in fact an intuition of the “‘ ultimate equivalence ”’ of 
infinitesimal are and chord “ lengths ”’, as expressed by (ii). 

The definition of arc-length was accepted, and used, long before 
the mathematical problem of the “existence” of the definite 
integral had been solved : it goes back to Newton, and away back 
beyond him to the ancient Greeks. And the intuition which was its 
source (and is, to-day, its source, for countless “‘ practical ” people) 
is—as Newton clearly recognized—the same intuition as that which 
is the source of (ii). The common sense of the determination of 
“arc-length ’’—and it 7s a matter of everyday common sense—is that 
the (variable) inscribed polygon is relevant because it “ ultimately ” 
coincides with the arc: its several sides becoming “ ultimately co- 
incident’ with the respective corresponding elements of arc. This is 
the intuitive basis of the whole theory. 

But intuitions are not infallible (as sound mathematics is) ; and 
neither form of the particular intuition in question is immune from 
that general law. Any such intuition is subject to the criticism of 
exact mathematical analysis. 

If we begin with the form (ii) * and put it in the form 

ds—[1+{f' (a) }* . de 
=F (x).dx, say, where y =f (2), 
we are at the “ source’ of (i)—whether in terms of the indefinite 
integral (should F (x) be “ integrable ”’, in the elementary sense) or, 
quite generally, in terms of the definite integral. 

It is, of course, the fact that the definite integral ‘‘ exists ”’—as a 

* As, in fact, we all do. Let teachers of the elementary applications of calculus 
to geometry and kinematics (and, in particular, the writers of the Note—who are 


authorities on such teaching) ask themselves how they and their pupils would fare 
if they did not so begin. 
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general proposition—and the indefinite integral only, in general, in 
terms of it—that makes (i) of central importance to the mathematical 
investigation. For, if f(x) be given, 


P -[F@ax =(x), say, 
Xo 


determines a function s, such that 


ay (x) =F(x), or ds=F(x).dz; 
so that there is an actual “ arc-length ”, determined by (i), which 
“* satisfies ”’ the differential relation (ii). 

Thus the mathematical analysis confirms the original intuitions 
(1) that an arc has, in fact, a “ length ’’,* definable as limit of the 
perimeter of an inscribed polygon, (2) that the lengths of infini- 
tesimal arc and chord are “ ultimately equivalent ” : intuitions upon 
which we, therefore, rely the more confidently, in the general, purely 
geometrical, case of a curve for which there is no given f (x) (or other 
** analytical ’’ equivalent). 

The fact is that the intuitions, as used for centuries—and as 
actually used by us all (in our own minds and in our teaching)—are 
thoroughly sound, and remain unshaken by modern “ rigour” : 
which is an entirely satisfactory state of affairs. And there is 
nothing that need be regarded as “ misleading ”’ in the paragraph 
quoted from my article : it assumes that we are entitled to take the 
Newtonian “ ultimate equivalence ” as a starting-point ; and that 
is a perfectly sound assumption. 


3. Envelope. 


The other point at issue is the definition of “‘ envelope ’’ —and its 
analytical correlatives: again, a question of special interest, for 
reasons not unlike those involved in the question of “ arc-length ”. 

There are, here also, two alternative modes of approach (as dis- 
cussed in the paragraph cited from the Cambridge Tract). Of these, 
the standard definition, in its ‘‘ stock” form,t{ is quite inadmissible ; 
because it uses a property of the envelope which is not peculiar to 
the envelope. The advantage—such as it is—of using that property 
is that it yields immediately the standard analytical result of the 
theory. But, when the procedure is refined—as in the Tract—so as 
to give a distinctive definition of the envelope (locus of “ isolated 
characteristic points ’’, on the representative curve of the family in 
question), the initial advantage of simplicity is lost § ; and the cogent 
reasons for following the other line of approach are reinforced. 


*“ Length ” being fundamentally an attribute of the straight line. 

+ The writing of this reply has clarified my own thinking, on a point which has 
troubled me a good deal. The writers of the Note have, therefore, helped me quite 
a lot, even should I fail to carry conviction to them. 

t See any of the well-known standard textbooks: e.g. Lamb (1902), § 155; 
Gibson (1906), § 144. 

§ See the Cambridge Tract, § 5-10. 
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This other definition, as stated in my article (§ 9)—viz. “locus 
which touches, at each of its points, a member of the family ” *— 
uses. the distinctive property of the envelope, and expressing that 
property by 


Sa’ (x, y, A) .da +f,’ (x, y, A).dy +f,’ (x, y, A). dA=0 


and Sa’ (x, y, A) .dx +f,’ (x, y, A) .dy =0, 
it yields the standard result ; that points of an envelope (if any) 
entisfy f(x, Y; A) =0 =f,’ (x, y, A). 


We then get the whole situation in its true setting, by examining 
(on the lines indicated in my article) the geometrical implications 
of these latter relations. ‘ 

D. K. PICKEN. 


1209. T'wo inequalities used in the theory of the gamma function. 


Since the inequalities 
t\"  te-t 
0<e+-(1-4) < —,n>1,0<t<n 
n n 


are commonly used to establish the integral form of the gamma 
function, it is worth while to point out that they are much simpler 
than the proofs in Schlémilch’s Compendium and in Modern Analysis 
would suggest. 


The first inequality is nothing but 


ae 


\n © 2\n/ “3\n j 
The second is trivial if #2? >n. If t? <n it is equivalent to 
t ¢ 
~nlog(1-~)-t <-log(1-"). 


The two functions here compared both vanish with ¢ ; their deriva- 


tives are : 
al (-g) 3 (1-5) 
and the inequality (1 ~ =) < 2(1 + ~) 
has only to be written in the form 
F(-t)<1-£ : 


*Goursat (1902), § 201—referred to in the paragraph (following Theorem 5-312), 
cited from the Cambridge Tract—puts it thus: “... toutes ces courbes C restent 
tangentes & une courbe determinée Z...”. Osgood (1907), pp. 344-5, begins with 
this definition, but turns over to the other as being more or less equivalent. (Note 
his phrase “ will usually intersect ”, in the relevant paragraph.) 
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to become obvious under the conditions ee originally’ on 
n and t. 

If ¢ is restricted to the range 1<t <n, which is sometimes 
sufficient, the second inequality, in the form 


a() +3(p) tag) tS G) +3(G) +3 (Q) #> 
needs only term-by-term comparison. KE. H. N. 


1210. Rule concerning the divisibility by 9 and 11. 


There is a way of writing numbers so that the rule of divisibility 
or of finding the remainder on division by 9 is the same as the usual 
rule for 11 and vice versa. For this purpose, we write a number as 
follows : N =4y,2™ + Qy_3t" +... 42 +Ap, 
where all the numbers a,,, ... dy are less than 10 and x always has 


the value (—10). We write N =a,,a oo Bq 


m“m—1 * 
Ezx.1. N=97=117. 
Remainder on division by 9: 7-1+1=7. 
Remainder on division by 11: 7+1+1=9. 
Ex.2. N =8947 =11067. 
Remainder on division by 9: 7-6+0-1+1=1. 


Remainder on division by 11: 7+6+0+1+1=4. 
A. GLODEN. 


1211. Division by numbers of the form 10"+a. 
If a is small it is advantageous to apply the method of abridged 
division of a polynomial by a binomial. 


Ex. 1023047096 = 23 + 232? + 472 + 96, with x = 10%, 











999 =2 -1. 
Hence we have 1 | 023 | 047 | 096 
1 | 024 071 
1| 024 | 071 | 167 





ae r= 167. 


The method can be applied to numbers of the form 6" —a, 6 re- 
presenting the base of a system of numeration. A. GLODEN. 


1212. Huygens’ proof of the Theorem of Pythagoras. 

This is dated August 1657 and is described by Huygens as 
** Demonstratio mea Propos*. 47 lib. I Euclidis ”’ 

The substance of the proof is as follows : 

Let ABC be the triangle, right-angled at B: describe the squares 
AH, BG, CD on the sides AB, BC, CA respectively. 





v. 


as 
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Produce JA to L so that JA= AL; join CL. 

Produce GC to K sq that GC=CK ; join KA. 

Join also KD, KE and draw MKN parallel to AC. 

Since the angles at’ B are right angles, FBA is a straight line and 
GCK is parallel to it ; thus square GB=2 . ACAK. 











Also the rectangle AN=2.ACAK. 
Hence rectangle AN =square GB. ..........sccccccesesees (1) 
© 
H 
G 
B 
\ 
A Cc 
L 
M 7 N 
D E 








Since the angles ACE, BCK are right angles, taking away the 
common part ACK, 
.KCE=LBCA. 
Hence, since EC, CK=AC, CB respectively, 
ABCA=AKCE ; 
KE=AB and LKEC=czBAC. 
Taking away KEC from the right angle DEC and BAC from the 
right angle BAL, 
LKED=czLAC. 


Also KE=AB=AL and ED=AC. 
Thus AKED=ALAC. 
But rectangle DN=2 . AKDE, 
and square AH=2. ALAC. 
Therefore rectangle DN =square AH. ..........ccccecssseoses (2 


Combining the results (1) and (2), we have 
square on AC=sum of squares on AB and BC. 
J. P. McCartuy. 
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Geometry of Time and Space. By A.A. Ross. 2nd edition. Pp. vii, 408. 
21s. 1936. (Cambridge University Press) 

In his La Science et ’ Hypothése Poincaré speaks of a ‘‘ Fourth geometry ” 
of two dimensions, which is such that if a line be rotated round any of its 
points it never returns to its original position. Instead of the angle of the 
complete rotation being four right angles, it would be infinite. In one form 
of this Geometry, which appears naturally in certain questions on number 
theory, a hyperbola plays the part of a circle in ordinary geometry, and its 
asymptotes correspond to the isotropic lines of Euclidean geometry treated 
projectively. The anaiytical expression for the square of the distance between 
the points (x, t) and (2’, t’) becomes s? =(x — x’)? — (t —t’), instead of the usual 
Pythagorean expression. In the corresponding three-dimensional Geometry, 
the asymptotes in the plane case are replaced by cones with vertices at the 
points of the space. The extension to higher dimensions is clear. 

The geometry of the restricted relativity theory is of the above type, and 
is now generally familiar. If, for simplicity, we suppose space itself to be 
two-dimensional, and time one-dimensional, we can represent the geometry 
of this theory in a three-dimensional Euclidean space, from each point of 
which as vertex proceeds a cone, and the cones may be taken as right-circular 
with their axes parallel, for instance all vertical. The points of space cor- 
respond to events ; a point inside the upper half of a cone corresponds to an 
event which is after that corresponding to the vertex, a point inside the lower 
half of the cone corresponds to an event which is before that corresponding 
to the vertex, while a point outside both halves corresponds to an event 
neither before nor after the event corresponding to the vertex. The points 
on lines from the vertex and lying inside the cone represent successive positions 
of possible moving particles ; generators of the cone represent tracts of light- 
pulses. The distance between points (x, y,t) and (2’, y’,t’) is given by 
8° =(x—2’)?+(y—y’)?—(t-t’)?. Besides this familiar picture of the relativity 
theory, there is another which is perhaps not quite so well known. Let us 
cut all our cones by a horizontal plane ; each point of space (or rather, each 
event) is then replaced by a circle in this plane, namely, the circle in which 
our plane cuts the cone from the point, and according as the point is above 
or below the plane we can give the circle a right-hand or left-hand orientation. 
Thus an event is now represented by an oriented circle in the plane ; and it 
will be found that the distance between two events is represented by the 
length of the common tangent properly touching the two oriented circles 
representing the events. A line from the vertex of the cone in the previous 
picture, and lying outside the cone, is now replaced by a set of oriented circles 
touching a pair of lines in the plane, that is, by circles with a common centre 
of similitude. If the line from the vertex of the cone lies inside the cone, the 
circles still have a common centre of similitude, but now it lies inside them 
all; if the line lies on the cone, the centre of similitude lies on all the 
circles, which now all touch one line at one point. In fact, the geometry 
of the restricted relativity theory, when space is two-dimensional, is the 
Laguerre geometry of oriented circles; similarly if, as in physics, space is 
three-dimensional, the geometry is the Laguerre geometry of oriented spheres. 

Now all these are merely representations of the geometry of relativity ; 
they are pictures of that geometry drawn in another geometry. Robb’s 
achievement is an axiomatic treatment of the geometry itself ; he assumes 
nothing from the pictures, though these, like geometric figures, are useful 
aids to the understanding. As the sole undefined relation between the points, 
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or elements, of the geometry, he takes the relation of before and after, charac- 
terized in logical terms only, and holding between some pairs of elements ; 
all other relations, in particular the congruence relations, are defined in terms 
of this. It is interesting to compare his treatment with the axiomatic treat- 
ment of the usual geometries ; the latter may be founded on a three-termed 
relation, corresponding to the intuitive notion of “‘ between’, and the con- 
gruence ideas are introduced later and can be defined by means of the be- 
tween relation. Essentially what is wanted in both cases is a definition of 
congruent point-pairs ; for congruent angles, and all other congruent figures 
can be defined in terms of congruent point-pairs. Now in Robb’s geometry 
an analogue of the Euclidean parallel axiom holds, and we can define con- 
gruent point-pairs along parallel lines, for we want the opposite sides of a 
parallelogram to be congruent. But we have also to define congruent point- 
pairs along non-parallel lines, when this is possible, for it is not always so. 
Here we can take advantage of what corresponds to the cones in our picture ; 
these enable us, like the isotropic cones in Euclidean geometry, to define 
perpendicular lines, and thence we can arrive at a definition of congruent 
point-pairs along some non-parallel lines. In Euclidean geometry we could 
simply demand that the diagonals of a rectangle were congruent, here the 
existence of lines of different types complicates the issue. The congruence 
relation leads naturally to the introduction of coordinates ; the passage from 
one set of “‘ rectangular ” axes to another gives the Lorentz transformation in 
relativity theory. But whereas in other treatments (x, y, z, t) come in at the 
beginning, here they appear at the end, for here the stress is on the elements 
themselves and not on their coordinates. 

The physical interpretation is clear. The elements are point-events. If an 
influence (a light-pulse or projected particle) from a point A at time ¢ can 
reach a point A’ at time ?’, then (A, ?) is before (A’,?t’), and (A’, t’) after 
(A, t). But we could have a point A at time ¢, and a point A’ at time ?’, so 
that no influence from (A, ¢) could reach (A’, t’), and no influence from (A’, t’) 
could reach (A, ¢); this because of the finite velocity of the propagation of 
light, and the fact that no influence can travel with a greater velocity. 

The aim of the whole book is to define all geometric and temporal relations 
in terms of this relation of before and after. In particular the geometry of 
Euclidean space appears as a subcase of this theory of the conical order of 
time. 

Like all completed pieces of work, this book inevitably raises questions. 
Robb keeps the cone picture in mind throughout. It is interesting to go 
through his arguments using the Laguerre picture instead, and from this 
point of view we have a foundation of the Laguerre geometry. Do the 
standard theorems of that geometry have any important physical interpreta- 
tion? Could a natural foundation of the Laguerre geometry be transferred 
with advantage to the space-time theory ? It is natural also to compare the 
foundations of Robb’s book with the recent treatment of the special relativity 
theory by E. A. Milne—though Milne’s most important work concerns gravita- 
tion and is irrelevant to our question. Both authors begin with the notion 
of before and after in the time series, and, what is most important, both avoid 
uniformly going clocks, and rigid rods; these only enter after the theory is 
developed, and do not serve as its basis. Milne’s work has a physical, 
Robb’s a geometric bias ; the former continually points beyond the special 
theory, while the latter at present keeps strictly within its confines. 

It is a happy sign that there is sufficient interest in the axiomatic treatment 
of geometries to call for a second edition of this important pioneer work. 


H.C. F. 












284 THE MATHEMATICAL GAZETTE 

Gli Elementi d’Euclide e la critica anticae moderna. Editi de FepERIGo 
ENRIQUES col concorso di diversi collaboratori. Libri XI-XIII. Pp. 354. 
L. 30. 1936. Per la Storia e la Filosofia delle Mathematiche, 11. (Zani- 
chelli, Bologna) 

This is the fourth and final volume of the Italian translation of Euclid’s 
Elements, with historical and critical commentary, under the general editor- 
ship of Federigo Enriques, first undertaken in 1924 (the date of the preface 
to the first volume is May, 1924). The first volume (Books I-IV) appeared in 
1925, the second (Books V-IX) in 1930, the third (Book X) in 1932. The 
editors may be congratulated on the completion of an edition which will be 
of permanent value. The special editor of Books XI-XIII is Amedeo Agostini, 
while special acknowledgments are made for assistance in the work to Attilio 
Frajese, and to Dr. Maria Teresa Zapelloni (now Maspero), a pupil of Pro- 
fessor Enriques, who revised the translation of the Greek text. There is no 
doubt of the competence of the editors, and the general editorship of Professor 
Enriques is a guarantee for the trustworthiness and the unity of the work. 
Speaking generally, it is the Italian counterpart of an English translation and 
commentary which shall be nameless, but which has obviously greatly 
facilitated the work of the editors. 

There is a good, though short, introduction to the present volume, “‘ Sviluppo 
storico della geometria solida”’, beginning with the Greeks (Democritus, 
Plato, Eudoxus, Menaechmus, Aristaeus, Euclid, Archimedes and the rest) 
and passing to medieval and modern times (Leonardo Fibonacci of Pisa, 
Cavalieri, Tacquet, Clairaut, Louis Bertrand and Legendre). There are notes 
to the several definitions and propositions of each Book, with full references 
to the alternatives for Euclid’s conceptions and demonstrations which are to 
be found in modern textbooks. The only complaint which the reader is likely 
to make is that the alternatives (no doubt for reasons of space) are not set out 
with sufficient fulness to enable reference to the original works to be dispensed 
with. This is a drawback ; but a much more serious one is the lack of an 
adequate index. The only index is an “ Indice degli Autori”’ on pp. 327 to 
354 ; there is no guide to the subject-matter. 

It is well known that certain of the definitions of Book XI—particularly 
those of similar, and equal, solid (rectilineal) figures (Defs. 9 and 10)—leave 
something to be desired and have been the subject of much criticism by 
Simson, Legendre and others. There is a full note upon this question, point- 
ing out the relation between equality in the sense (i) of admitting of super- 
position, and (ii) of symmetry (which Euclid does not in terms distinguish 
from “ equality’), and quoting more modern definitions. Similarly, the 
want of a definition of a dihedral angle as a portion of space is noticed; 
Euclid’s definition (6) of “ the inclination of a plane to a plane ”’ only defines its 
measure ; modern propositions are therefore referred to, such as the theorem 
that ‘‘ equally inclined ”’ sections of equal dihedral angles are equal, and 
conversely ; the proof of the latter proposition given in Enriques and Amaldi’s 
admirable textbook Geometria elementare is quoted in the note on XI. 10. 

When we come to Book XII, we are given Legendre’s alternative proof of 
the theorem of XII. 2 that circles are to one another as the squares on their 
diameters, a very short abstract of Archimedes’ propositions (Measurement of 
a circle) proving that 34 > 2 > 34%, and an account of Huyghens’ derivation of 
these same limits from a comparison between regular inscribed and circum- 
scribed polygons of 12 sides instead of 96. In the note on XII. 10 about the 
volume of a cone, there is a summary of Archimedes’ propositions (On the 
Sphere and Cylinder, I, 11-13 and 14-15) about the convex surfaces of a 
cylinder, a cone, and a frustum of a cone. On XII. 18 about the volumes of 
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spheres, there is a reference to Archimedes’ investigations of the volume of a 
sphere (i) in the “‘ mechanical ’’ manner of the Method, Prop. 2, and (ii) by 
the method applied in On Conoids and Spheroids, Prop. 27, to a segment of a 
spheroid of revolution cut off by a plane meeting the axis perpendicularly or 
obliquely ; the steps of the argument in On the Sphere and Cylinder leading 
to the finding of the volume and surface, respectively, of the sphere are also 
indicated by reproducing with fair but not absolute accuracy the enunciations 
of two sets of propositions. Here, again, it would be difficult to reconstruct 
the argument completely without reference to the original work or some 
reproduction of the propositions in detail. 

A valuable feature of the volume before us is the large number of references 
to the great Italian geometers such as Leonardo of Pisa (c. 1170-1250), Tar- 
taglia (c. 1506-1557), Francesco Maurolico(1494-1575), Luca Valerio(1553-1618) 
and Giordano Vitale (c. 1668). A most interesting fact noted (pp. 237-239) 
is that Luca Valerio (De centro gravitatis solidorum, 1604) gave a method of 
finding the volume of a sphere which distinctly recalls that of Archimedes 
in his Method, although the MS. containing that work remained unknown till 
Heiberg discovered it at Constantinople in 1906. Valerio inscribes a hemi- 
sphere in a cylinder with diameter equal to that of the hemisphere and height 
equal to its radius, and then draws the cone having as base the base of the 
eylinder which touches the hemisphere and as vertex the centre of the hemi- 
sphere. Considering the circular sections of the three solids respectively made 
by any one plane parallel to the base of the cylinder or hemisphere, he proves 
that the circle which is the section of the cone is equal to the difference be- 
tween the circles which are the sections of the cylinder and the hemisphere 
respectively. He concludes intuitively that, the same being true of the sections 
made by all such planes, it must be true of the respective sums of all the in- 
finite number of the circles belonging to the three solids respectively, so that 
the solids themselves, which are the sums of all the circles respectively con- 
tained in them and regarded as infinitely thin laminae, have the same relation, 
that is, 

(vol. of cone) =(vol. of cylinder) — (vol. of hemisphere) 
or 


(vol. of hemisphere) =(vol. of cylinder) — (vol. of cone), 
whence 
(volume of hemisphere) =r . wr? — }(r. ar*) 
= 3a, 
and the volume of the sphere = $zr°. 


ce ig ia 


The Quantum Theory of Radiation. By W. Herrier. Pp. xi, 252. 
lis. 6d. 1936. International Series of Monographs on Physics. (Oxford) 

Dr. Heitler’s name has been well known in this country ever since the appear- 
ance of the famous paper in which he and F. London in 1927 laid the founda- 
tions of the quantum theory of molecular structure. He is one of those who 
have been actively associated with the development of quantum mechanics 
right from the start, and his work on molecules is only one of his many impor- 
tant contributions to the subject. Most of his more recent work has been 
connected with the subject of the present book. 

The first chapter is an outline of the classical theory of radiation. The 
main object is to describe a general electromagnetic field due to radiation and 
charged particles by means of Fourier expansions, and then to formulate the 
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Hamiltonian function for such a system. It might seem a pity that these 
fifty-odd pages are not replaced merely by references to standard treatises on 
classical electromagnetic theory. But it turns out that this particular formula- 
tion is essential to what follows, and it is, of course, not that adopted in such 
treatises. It is therefore to be hoped that future treatments of the classical 
theory will include some account of these methods. 

After this preparation the quantization of the radiative field in vacuo is a 
fairly straightforward matter, the steps being suggested by the analogy of 
the quantum mechanics of the electron (Ch. II). The author is then ready to 
tackle his main task, the study of the interaction of the radiative field with 
matter (Chap. III). This is carried out by treating the interaction as a per- 
turbation causing transitions between states of the whole system. It is shown 
that an order can be assigned to radiative processes. A process of order n is 
one in which n quanta are absorbed or emitted, allowing for the possible 
passage of the system through intermediate states, and the transition proba- 
bility for the whole change from the initial to the final state is proportional 
to e?”, where e is the electronic charge. Processes of the first order are the 
ordinary emission and absorption of radiation, the treatment of which leads 
to a discussion of quadripole radiation, the natural line width, the photo- 
electric effect, and other topics ; the one-quantum annihilation of positrons. 
Processes of the second order are dispersion and the Raman effect ; resonance 
fluorescence ; Compton effect; two-quantum annihilation of positrons. 
Processes of the third order are Bremsstrahlung ; double scattering ; creation 
of positive and negative electron pairs. These are all dealt with in order, 
except that processes involving positrons get a chapter to themselves (Chap. 
IV), since they involve Dirac’s “ hole’ theory, which is described and its 
difficulties discussed. The closing chapter deals with the penetrating power 
of high energy radiation, which is important for the interpretation of cosmic 
ray phenomena, and also because it appears to show some of the limitations 
of the theory. 

At each stage the predictions of the theory are compared with experimental 
results, and its successes in this wide range of phenomena are highly impres- 
sive. It is clear that quantum mechanics gives a correct theory of nearly all 
known radiation processes, in the sense that, without involving any new 
hypotheses beyond the introduction of ordinary electrodynamics quantized 
in a natural way, it provides a means of calculating results which are found to 
agree with observation. Incidentally, it appears to have reached a stage 
when a book collecting together these results is called for. But Dr. Heitler 
points out that the theory cannot be regarded as final. One serious difficulty 
is that all the successful results are obtained by stopping at the first approxima- 
tion given by the perturbation calculation ; if one attempts to do the calcula- 
tion that might be expected to give a second approximation one obtains 
divergent expressions. Other difficulties have to do with the infinite self- 
energy of a point electron, and with the probable failure of the theory for 
very high energies. After discussing these Heitler concludes, ‘‘ the present 
quantum electrodynamics gives correct results if applied only to the first 
approximation in the interaction of light with both a single free electron and 
with the infinite sea of electrons in negative energy states. Nevertheless, we 
cannot in general hope to obtain correct results for light in which wave- 
lengths A ~ ry occur ”’ (ry being the classical electron radius). 

Current quantum theory is based on a dualistic view of matter and radia- 
tion. This is illustrated by the very existence of a book like this which treats 
the quantum theory of radiation as a separate branch of the general theory. 
Attention has more than once been drawn to this dualism by Born, who in 
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the last couple of years has proposed a new unitary theory of electromagnetism 
and matter. Though this theory is only partially developed, and in particular 
has not been successfully quantized, it does give promise of a solution of the 
various difficulties just mentioned. Heitler’s book appropriately closes with 
a sketch of these ideas of Born’s. 

Some birds feed their young by the process of regurgitation of partially 
digested food, and there are authors who appear to regard this as a suitable 
way to feed their readers on a new subject. But Dr. Heitler is under no 
suspicion of being one of these. In fact, his book is a model of what such a 
book should be. Though much of the work reviewed was done by various 
writers besides himself in 1934 and 1935, it is all perfectly fitted into place in 
the orderly development of the subject. The going is not always easy, merely 
because the author does not shirk the difficulties of his subject. Neither, 
however, is it overweighted with undue algebraic detail. The analogues and 
contrasts between different parts of the theory, to which attention is drawn, 
are exceedingly illuminating, and the graphical illustrations of the results 
most instructive. If any criticism may be offered it would be that the intro- 
ductory paragraph mentioning the historical development might have been 
somewhat expanded to include mention of earlier theories like that, for 
example, of Bohr, Kramers and Slater (1924). This might, however, mar the 
well-knit character of the presentation. 

Finally a word should be added about what was a few months ago regarded 
by some physicists as the imminent overthrow of the whole theory! This 
arose out of Shankland’s experiments on Compton scattering (Physical 
Review, 1936, January), which gave results apparently contradicting the 
fundamental conservation laws on which existing theory is based (see also 
Dirac, Nature, 1936, 7th March). However, a subsequent repetition of the 
experiments by Bothe (Géttingen Nachrichten, 1936, May) does not confirm 
Shankland’s observations, though the source of the disagreement has appar- 
ently not yet been explained. In any case Dr. Heitler’s book seems to show 
that the existing theory provides a “ correct” way of calculating results for 
an enormous field of natural phenomena. W. H. McC. 


Théorie invariantive du calcul des variations. By Th.de DonpER. New 
edition. Pp. x, 230. 35 fr. 1935. (Gauthier- Villars) 

This is a useful and attractive book. It describes the variation of an n-fold 
integral whose integrand is a function of independent variables x1, ..., x”, 
dependent variables y}, ... , y” and of the partial derivatives, up to the order 
¢, of the y’s with respect to the 2’s, where m, n and c are arbitrary. 

A characteristic feature of the book, as the title indicates, is the respect 
paid to the ideas which govern the absolute differential calculus. As one 
would expect, these ideas are extended far beyond the theory of a quadratic 
differential form, but the prevalent notations of tensor analysis are used in 
such a way as to exhibit the tensorial nature of the principal equations. More- 
over, a chapter (Chap. VII) is devoted to the laws of transformation of the 
various quantities which have appeared in the previous chapters. 

The book is divided into three parts: Chapters I-VII (pp. 1-93) comprising 
the first, Chapters VIII-XII (pp. 95-170) the second, and Chapters XITI-XVII 
(pp. 171-226) the third. The first part deals with the first and higher varia- 
tions of an integral, the second with families of extremal n-spaces, and the 
third part describes various applications to physical problems. In the first 
part Chapters I and IV give an extremely good formal account of the first 
variation, in the non-parametric and in the parametric form respectively ; 
that is to say, the form of the problem when the locus of integration is given 
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by non-parametric and by parametric equations. Chapter IV describes the 
transition from the former to the latter, and then proceeds to the proof of a 
theorem which states the condition under which a given integral may be 
regarded as already in parametric form. If #, ..., ¢” are the independent 
variables the condition referred to is that the integral shall be an invariant 
integral, in the technical sense, under transformations of the variables t. The 
second and higher variations are derived in Chapter II, Chapter VII is the one 
already mentioned on the laws of transformation, and the remaining chapters 
in this part are devoted to certain extensions of the elementary results con- 
cerning the first variation. 

The second part describes the Hamilton-Jacobi methods, extended from 
the case of one to n independent variables, and Hilbert’s independent integral. 
In Chapter XI Hilbert’s integral is applied, as in the theory of curvilinear 
integrals, to calculate 1(V)—J(V,) in terms of the Weierstrass H-function, 
where J(V) stands for the value of the integral taken over V, and V is an 
n-space with the same boundary as an extremal n-space V 5, which is embedded 
in a field of extremal n-spaces. The final chapter in the second part is devoted 
to equations of variation. 

In the third part the physical problems are wisely chosen. Besides being 
interesting in themselves, such as the problems relating to gravitational and 
electromagnetic field equations, they furnish elegant applications of the 
mathematical theory. In addition to the particular physical problems con- 
sidered, there is a chapter on adjoint systems of differential equations and 
their relation to the calculus of variations. J. H.C. W. 


Lecgons d’Algébre et de Géométrie. II. Coniques et quadriques. By R. 
GARNIER. Pp. 211. 40 fr. 1936. (Gauthier- Villars) 

Prof. Garnier feels that in France candidates preparing for the “ Certificat 
de Calcul différentiel et de Calcul intégral”’ neglect the systematic study of 
the fundamental lines of development of algebra and geometry—linear 
algebra, transformations, properties of conics and quadrics. As far as conics 
and quadrics are concerned, perhaps this neglect is not so marked in this 
country, but it is easy to allow the study of these subjects either to be frag- 
mentary by laying too much emphasis on facts and results at the expense of 
general principles and methods or to be brutalized by taking too little care 
over the selection of appropriate methods. It would, I believe, be instructive 
to see a textbook of coordinate geometry written round methods rather than 
round facts. A good workman needs not only a large collection of tools ; he 
must know how to use them appropriately. 

Prof. Garnier’s book is not quite on these lines, but it does encourage 
“ appropriateness”’. In the first volume he has apparently laid the ground- 
work by a study of the elementary algebra of linear and quadratic forms, of 
projective geometry and of homogeneous point and line coordinates. In the 
second volume he starts with the algebraic idea of the polar form of 


f2(x, y; 2) =0, 


and in Chapters VIII and IX (the first of the volume) allows those properties 
which are naturally concerned with pole and polar to flow easily from the 
definition. Many properties of conics and quadrics appear in these chapters, 
but when some well-known result cannot be appropriately deduced it is omitted. 
Chapters X and XI deal with cross-ratio properties of conics and quadrics on 
the same general lines of development. Chapter XII is a short account of 
the circular points; it is not very satisfactory since it goes far enough to 
raise doubts but not far enough to settle them. No doubt it would need a 
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volume by itself to elucidate the remark “ on considére l’axe réel comme situé 
dans le plan complexe ”, but at least references should have been given to 
warn the reader that the matter is not so simple as this casual remark implies. 
The volume closes with a long and good chapter on pencils and ranges of 
conics and similar work for quadrics. 

This is emphatically an interesting book. It would be a very useful addition 
to the school library ; the stress on algebra makes some of the work seem 
heavier than in the more unsophisticated treatments, but this is compensated 
by the feeling of thoroughness and system which it gives. Teachers of the 
subject will find that, though the book has no intention of being a textbook 
on elementary coordinate geometry, it provides a great many useful ideas ; 
the Sixth-former in his spare two terms after taking a scholarship would be 
well repaid for reading the book by an increase of power, as well as a more 
complete grasp through geometrical applications, of branches of algebra 
which are steadily becoming of great importance. TASCA. B. 


Potentiels et prépotentiels. By P. Humpert. Pp. viii, 80. 24 fr. 1936. 
Cahiers scientifiques, 15. (Gauthier-Villars) 

This short tract gives an interesting introductory account of the standard 
functions which provide the ‘“‘ elementary solutions” of Laplace’s equation 
for the Newtonian potential, and an indication of the possible generalizations 
of this problem (a) by increasing the number of independent variables, (b) by 
replacing the Newtonian particle potential (x? +y?+2?)—? by the “‘ prepoten- 
tial” (a*+y?+2*)-??-2, (c) by replacing the harmonic equation 4,U =0 by 
the biharmonic or p-harmonic equations 


4,4,U=0, [4,]?U=0, 


or by certain analogous equations 4,U =0, 4,U =0. 

The standard functions discussed in the first chapter comprise all the 
common functions of mathematical physics, as for example the functions of 
Legendre, Bessel, Weber, Mathieu and Lamé, and in many cases the intro- 
duction of these functions by the methods of potential theory exhibits them as 
definite integrals of Whittaker’s type or as the coefficients of the power series 
of a simple generating function. Thus the Legendre function P,,,(j) can be 
expressed in the form 

69. 
a, \, [w+ (p? - 1) cos u]"” du, 


or can be defined by the relation 


fe 8) 
(1 -—2Qut+e2]-?= LD t™P,, (2). 
m=0 
The author gives some of the more elementary and well-known formulae of 
these types, but his results are disappointingly fragmentary and incomplete. 
The second chapter gives a corresponding account of the solution of Laplace’s 
equation with four independent variables. As in the first chapter, the author 
considers those systems of orthogonal curvilinear coordinates (p, yu, v, o) in 
which Laplace’s equation possesses solutions of the form 


R(p)M(p)N (v)S(o). 
The prepotential functions of Chapter III are of the form 


vu {| p(a, b, c)da db de 
Mf (@ —a)? + (y — 6)? + (2-0)? 94 
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(although the author habitually omits the density p(a,b,c)). For certain 
distributions of matter, the prepotential U satisfies a differential equation of 
simple form: thus for a plane sheet of matter, a=0, we have 
2p+1 0U 
—— —=0. 

x 02 
Again the introduction of curvilinear coordinates gives a number of elementary 
solutions in terms of the standard functions. 

Another curious generalization of Laplace’s equation is indicated in Chapter 
IV. Ifuw=x+iy, v=ax—iy, where i?= —1, then 

CU CU BU 
A j= — — = ——_-_. 

" dat * oy? du dv 


A,U + 


By analogy, Humbert writes 
U=2+Y4+2, V=X+jyt+j%z, w=xz+j*y+jz, where j*= -1, 
and defines 4,U as 
AU &8U CU FU FU o&U 
0 Ou dv dw om * dys 
The equation 4,U=0 can then be discussed by methods similar to those 
employed for the classical equation 4,U =0, but the results are of no great 
interest, as the equation 4,U =0 is not invariant under orthogonal transforma- 
tions of x, y, z. (This rather important statement is not given by the author.) 
Gut: 
Le probléme de la dérivée oblique en théorie du potentiel. By G. Bou.t- 
GAND, G. Giraup and P. DeLens. Pp. 78. 18 fr. 1935. Actualités scienti- 
fiques et industrielles, 219 ; exposés de géométrie, VI. (Hermann, Paris) 
The classical problems of Dirichlet and of Neumann are to construct a 
potential function f which shall be harmonic in an open region 92, and which 
shall have a zero value or a zero normal derivative respectively at all points 
of the boundary 8 of 2. In the problem of the oblique derivative, a unit 
vector lg is specified at every point Q of S, and the boundary condition is that 
at each point Q the derivative of f in the direction of /g shall be zero. In this 
fascicule, Bouligand gives a summary of the different aspects of the problem, 
Giraud gives a very general solution by the use of the theory of integral 
equations and Delens gives a supplementary account of the theory of con- 
gruences of curves in its relation to the potential problem. G. T. 





Les involutions cycliques appartenant 4 une surface algébrique. By L. 
GopEaux. Pp. 45. 12 fr. 1935. Actualités scientifiques et industrielles, 
270; exposés de géométrie, VII. (Hermann, Paris) 

This monograph is essentially a report on some researches of the author, 
and its subject-matter is highly specialized. The topic under discussion is that 
of cyclic involutions on an algebraic surface, in particular those which have 
only a finite number of points of coincidence. A periodic birational transforma- 
tion 7 of a surface F into itself, whose period is a prime number 9, defines a 
cyclic involution J of sets of p points on F, and these sets may be mapped on 
the points of another surface ®. Of special interest are the coincidence points 
of J, namely those points of F which coincide with their transforms under 7’. 
These points may be either perfect or imperfect. A perfect coincidence point 
is such that all directions through it are invariant under 7'; at an imperfect 
coincidence point, on the other hand, 7’ determines a homography among the 
tangents to F which has two invariant lines. Such a point thus has two 
coincidence points infinitely close to it, and these in their turn may be perfect 
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or imperfect. To each coincidence point of F corresponds a singular point of 
@ whose structure depends on the nature of the coincidence. After these 
generalities the author proceeds to consider some special problems, e.g. the 
condition that a surface must satisfy in order that it should represent the sets 
of an involution on another surface ; the relations holding between F and ® 
when they have the same irregularity ; and the cases in which F and @ belong 
to the class of surfaces with pluricanonical curve of order zero. There is an 
excellent bibliography down to 1934. JiAi:T. 


Lecons sur les séries hypergéométriques et sur quelques fonctions qui 
s’'y rattachent. I. Propriétés générales de l’équation d’Euler et de Gauss. 
By Epovarp Goursat. Pp. 92. 20 francs. 1936. Actualités scientifique 
et industrielles, 333. (Hermann, Paris) 

The name of the author of this tract has long been familiar to many of us, 
perhaps mainly because of his well-known Cours d’Analyse. He has, however, 
written important papers on the hypergeometric function, and it is conse- 
quently not surprising that he has decided to write a series of tracts on the 
hypergeometric series and some associated functions. 

This volume is the first of the series, and is concerned entirely with the 
hypergeometric equation. The author first considers this equation and obtains 
Kummer’s twenty-four solutions, which are followed by the definition of 
Riemann’s P-function. The second chapter is devoted to the problem of 
obtaining solutions of the equation in terms of definite integrals. In the 
following chapter the solutions of the equation are obtained for certain special 
values of the parameters for which the solutions previously obtained are not 
distinct, or for which one solution becomes nugatory. These special cases are 
considered in detail, and some of the properties of Jacobi polynomials are 
given. Chapter IV is concerned with the group of the hypergeometric equa- 
tion and equations of the same family, and in the final chapter Cauchy’s 
theorem is used to obtain linear relations between integral solutions of the 
equation. 

The book is written in a very readable style without being at all obscure. 
This tract and the later volumes of the series should form a valuable addition 
to mathematical literature, and the later volumes will certainly be studied 
with interest when they appear. W.N. B. 


Etude statistique de la fécondité matrimoniale. By A. C. MUKHERJI. 
Pp. 79. 16 fr. 1935. Actualités scientifiques et industrielles, 285; statis- 
tique et applications, I. (Hermann, Paris) 

This small work is the first of a new section of the series “ Actualités scien- 
tifiques ”’ which is devoted to recent work on statistics which could not find a 
place in other sections of the general collection. The series has been entrusted 
to the general direction of M. Michel Huber, the well-known Director of 
oe Studies at the University of Paris and of the General Statistics for 

rance. 


This inaugural part treats of the fecundity in France during the years 
1926-1931. In his introduction the author notes various methods under which 
population statistics have been considered, and gives a short list of the chief 
papers that deal with the subject. It is interesting to see that the first refer- 
ence is to the publication by J. M. Duncan, Fertility, Fecundity, Sterility and 
Allied Topics (2nd edition, 1871), which has a chapter by P. G. Tait, who was 
doubtless led to consider a subject so far removed from his usual domain by 
discussions at the Evening Club, of which he and Dr. Duncan were original 
members. Amongst these we find Aeneas J. G. Mackay, the author of a work 
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on Primitive Marriage, and also the engineer W. J. Macquorn Rankine, who 
gave to the Club the name “ Capnopneustic Club ”’. 

To the list of papers mentioned it would be well for those interested in the 
subject to add a paper by Sir J. A. Baines on “‘ The Recent Growth of Popula- 
tion in Western Europe ” (J.R.S.S., LX XII, 1909), and C. D. Rich’s paper on 
“The Measurement of the Rate of Population Growth ” submitted to the 
Institute of Actuaries in 1933 (J.J.A., LXV). 

In his first chapter the author deals with the principles of the method, and 
in the second with the calculation of the rate of fecundity amongst married 
couples in France: and here M. Mukherji introduces a new coefficient of 
the mean interval between two confinements, correcting by this the actual 
number of months the wives are exposed to risk, the wives being taken 
between the ages of 15 and 49, in 5-year groups. The correction for deaths ‘ 
amongst the wives is treated in Chapter III, and for deaths of husbands in 
Chapter IV. Other causes of deductions are treated in the remaining chapters. 
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Ages are grouped together for 5-year intervals, 15-19, etc., and the coefficient : 
of fecundity given. The author states that he is preparing by the same 
method a comparative study of the fecundity of various countries ; this will . 


be of great value. There is a preface to the series by Prof. Huber. 

This subject has received much attention from politicians who are anxious 
to see the population increase ; from social reformers; and from biologists 
and others who consider that the world is over-populated: but whatever 
party one may belong to, it cannot be ignored that an indefinite increase in 
geometric progression is impossible. Readers may be interested in a little 
calculation made by Sir John Herschel, that the number of human beings 
living at the end of the hundredth generation, commencing from a single pair, 
doubling at each generation (say, in thirty years), and allowing for each man, 
woman and child an average space of four feet in height and one foot square, 
would form a vertical column having for its base the whole surface of the earth 
spread out into a plane, and for its height 3674 times the sun’s distance from 
the earth. The number of human strata thus piled one on the other would 


a a ee a 


amount to 460,790,000,000,000. 
The work, although so short, should be found interesting to all who study 
the question of population. W.S. 


Les Définitions Modernes de la Dimension. Par G. Bouticanp. Pp. 45. 
Wraps. 12 fr. 1935. Exposés d’Analyse Générale, V. (Hermann, Paris) 


At first glance, nothing is simpler than the distinction between a curve and 
a surface ; each is continuous, but one consists of a simple infinity of points, 
the other of a double infinity. We recognize the distinction in this form when 
we compare a developable with a curve by saying that the one has  * points 
and 1 tangent planes, the other «1 points and « * tangent planes. Never- 
theless, the distinction was rendered dubious, to say the least, when Cantor 
showed that, in the only sense in which infinite numbers can be compared, a 
line possesses just as many points as a plane. That there is some topological 
distinction no one can doubt, but the many attempts that have been made 
since Cantor’s discovery to attach a dimension integer to an arbitrary aggre- 
gate of points combine to prove that the distinction to which the uncritical 
use of words corresponds must be far beyond the reach of intuition. 

Prof. Bouligand’s genius, recognized in this country no less than in his own, 
for detaching the principles of a branch of mathematics from their expression 
and development in formulae, has seldom been displayed to better advantage 
than in giving a general idea of different lines along which this problem of 
dimensions has been approached. To try to make a synopsis of a précis would 
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be absurd ; we need only echo and endorse the words in which Prof. Fréchet 
recommends the booklet : 

“Je ne songe pas 4 faire ici l’éloge de l’exposé qui suit. M. Bouligand est 
trop connu du public mathématique pour qu’l soit nécessaire de reeommander 
la lecture de cet ouvrage. D’autant que ce petit livre est de ceux ot M. 
Bouligand excelle particuliérement, ou il réussit & faire comprendre d’une 
maniére simple et imagée ce qu’il y a d’essentiel dans une théorie, a en expli- 
quer l’origine et la raison d’étre.”’ 

The booklet is to be followed in the same series by two on the present 
condition of the theory of dimension. E. H. N. 


Le calcul symbolique. By P. HumBertr. Pp.31. 10fr. 1934. Actualités 
scientifiques et industrielles, 147; exposés de physique théorique, XII. 
(Hermann, Paris) 

M. Humbert takes the point of view of J. R. Carson, the real infinite integral 
and the integral equation, rather than the contour integral of Bromwich, for 
the interpretation of the Heaviside operator. Given a function h(x), he 
studies its image f(p) defined by 


S(p)=P \; e~ P*h (x) dx, 


and writes a dictionary of functional images which includes many of the 
striking results due to Van der Pol. The work is formal, since the author is 
concerned with ideas and not with proofs, and the book can therefore be read 
quite easily, so that it should help to demonstrate to a wide circle of readers 
the truth of E. T. Whittaker’s words, quoted by Humbert, “‘ We should now 
place the Operational Calculus with Poincaré’s discovery of automorphic 
functions and Ricci’s discovery of the Tensor Calculus as the three most 
important mathematical advances of the last quarter of the nineteenth 
century ”’. 

The section dealing with Bessel functions is fascinating, especially Van der 
Pol’s operational method of obtaining a formula for 


on 

on * 
Of Heaviside’s work M. Humbert speaks with due enthusiasm; but in 
saying that “des savants plus scrupuleux ont... apporté les précisions 


nécessaires, en premier lieu J. R. Carson ”’ he is surely less than just to Brom- 
wich. Ta. &. B. 


L’arithmétique dans les algébres de matrices. By C. CHEVALLEY. Pp. 35. 
10 fr. 1936. Actualités scientifiques et industrielles, 323; exposés mathé- 
matiques, XIV. (Hermann, Paris) 


This work is published in memory of an authority on modern arithmetic— 
Jacques Herbrand. The subject is of special interest, because all algebraic 
processes, including the theory of algebraic equations, can be effected by 
means of a finite number of rational operations on rational matrices—a fact 
suggested long ago by Sylvester. The book deals with the determination of a 
regular arithmetic in a complete matrix algebra, the elements of the matrices 
being numbers in a non-commutative field K, a knowledge of the arithmetic 
of K such as is given in Max Deuring’s Algebren, Chap. VI, being presupposed. 
The author’s methods, which are new, are based on satisfactory definitions of 
orders, modules, ideals and classes of ideals, and enable him both to simplify 
the proofs of theorems given by Krull and Schur for cases in which K is 
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commutative and to pass to more general cases where K is non-commutative. 
In an appendix he shows new methods of obtaining the ideal elementary 
divisors of Steinitz. The headings of the chapters are: Structure des modules 
réguliers ; Les automorphismes des modules réguliers ; Introduction d’une 
arithmétique réguliere dans ©; Représentation des ordres maxima; La 
théorie des classes d’idéaux ; Cas commutatif; Relations avec l’arithmétique 
d’un corps commutatif maximum. A. R. R. 


General Arithmetic for Schools. By C. V. DurELL. Without Appendix, 
pp. xvi, 411. 4s.; with Answers, 4s. 6d. In parts; without or with Answers : 
Parts I, II, III, each 1s. 8d., 1s. 10d. Parts II and III together, 3s., 3s. 6d. 
With Appendix, 5s. 6d. ; with Answers, 6s. Parts II and III together, with 
Appendix, 4s. 6d. ; with Answers, 5s. 1936. (Bell) 

The thread of thought that runs through school arithmetic is “‘ direct varia- 
tion ’’, leading naturally and easily to other forms of variation. A grasp of 
this is the main contribution made by arithmetic to mathematical thought ; 
and the author’s method is calculated to ensure that this contribution shall 
be made. 

The use of the unitary method for very simple cases of proportion appears 
early. But the method of variation follows close on it. The magnitude of the 
prime variable being changed by the operation of a ‘“‘ multiplying factor ”, 
the change in the dependent variable is effected by the application of this 
factor. When the pupil comes to trigonometry and finds it as natural to say 
p=hsin A as sin A=p/h; when he comes to mechanics and finds it natural 
to say that the components of a force P are P sin A and P cos A ; when he 
comes to variation and finds it natural to say V,=V (h,/ho)’, he will be 
reaping the benefit of this habit of thinking. And meanwhile the idea of 
relative magnitude is being strongly developed. 

The contribution that arithmetic makes to practical affairs is the exercise 
it gives in computation. For a generation this has been belittled. Rightly 
or wrongly it has been maintained that much of the time spent on computa- 
tion can be more profitably spent in acquiring the ideas of trigonometry, 
mechanics and calculus. It is very doubtful whether results justify this view. 
The standard of mental arithmetic is deplorably low, and a piece of heavy 
computation is rarely tackled without timidity or with success. 

By supplying sets of 3-minute and 4-minute tests and computation tests, 
by insisting on preliminary rough estimates of answers, the book promotes 
rapid and accurate computation. A succinct treatment of contracted methods 
with the general rule to allow two extra figures for a margin of safety is in- 
cluded. Some evaluations of series by arithmetical summation are inserted, 
and it should be noted that this is excellent preliminary work for introducing 
the idea of convergence. 

The use of tables receives unusual attention; for example, on p. 285, 
Ex. 16 evaluates 


3 i / { ] 1 \ 
V47-15 ° V \(6-15)2 (13-24)? 
by the use of tables of squares, square roots and reciprocals. 

Practice, especially with the decimal form of money, is perhaps the most 
useful piece of arithmetic for commercial purposes. Page 132 gives it a pre- 
liminary introduction, and the method is well treated later. Even so, all its 
possibilities are not exploited. 


The “3-place decimalization ’’ of money is given a somewhat casual men- 
. . . . : ? 
tion, the author observing “‘ that unless easily learnt it should be omitted ”. 
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One might add that it should be omitted, unless its limitations are recognized 
and remembered, and this is not to be expected unless as much time is given 
to it as would inculcate the full mil-method thoroughly. Indeed Mr. Durell 
does not appear to use it himself, even in the useful case where it is reasonably 
safe, in reducing the decimal of £1 to £. s. d. 

In the treatment of decimals, Mr. Durell prints in heavy type,‘‘ to multiply 
by 10, the figures are moved one place to the left’. He also says that the 
decimal point should be regarded as fixed. This is sound arithmetic and should 
be regarded as fundamental. One could wish that the author, with a complete 
disregard of the hold which “Standard Form” has gained, had excluded 
standard form altogether. He gives teachers a choice of methods. 

The “arithmetic of citizenship” is not mentioned in the index but it 
appears in the text. A brief explanation of rates, taxes, insurance, etc., is 
supplied, and we ought to be grateful to the author of a textbook who is not 
afraid to give the advice “all sensible people take out some form of life or 
endowment policy as soon as they can afford it”. 

Another commendable feature is the attention devoted to the degree of 
accuracy of results. 

The ordinary edition with ample miscellaneous questions and 64 revision 
papers should suffice for almost any school purpose. The Appendix, consisting 
entirely of supplementary examples, will appeal to teachers who want a greater 
number. F.C. B. 


Gewachsene Raumlehre. By B. PeTERMANN and K. Hacae. Pp. xi, 164. 
RM. 4.40. 1935. (Herder, Freiburg) 


Teachers of elementary geometry will find much that is helpful and sug- 
gestive in this book. The intention is to provide a course of instruction 
whereby the ideas underlying spatial relationships shall be naturally and 
logically evolved from the child’s everyday experience. The course actually 
proposed spreads over the last four years of elementary school life, and is, to 
a large extent, a “‘ playing’ with ruler and compasses. There is, of course, 
nothing startling in this—every English schoolboy spends some time on 
practical geometry before proceeding to deductive work, the main object 
being this very one, of leading the pupil to develop, out of his own experience, 
the fundamental concepts and relationships of space. Such introductory 
work is merely the ordinary routine, a commonplace in mathematical teach- 
ing, and there are on the market a number of textbooks adequately covering 
this preliminary period. 

At the same time there is a thoroughness in planning and a brightness in 
points of detail that make the book before us decidedly refreshing. From 
the child’s own free-hand drawing of a house, for instance, he is led to con- 
struct the various squares and rectangles that form the walls, roof, floor, and 
finally to put them together to make up the complete house—a valuable 
exercise involving perpendicularity, equal areas, properties of the rectangle, 
all linked up with the innate urge to construct something lifelike. Ruler and 
compass designs serve to build up the concept of area, the same basic elements 
being arranged in different patterns. In finding the area of a circle by cutting 
into sectors, an effective nuance is introduced by making the number of 
sectors steadily increase and showing the continuous approach to a rectangle. 

Attention is directed towards pencils of circles and some pretty envelopes 
are evolved, notably the cardioid. Loci, however, are disregarded, and one 
notes also the omission of such a simple and interesting envelope as the four- 
cusped hypocycloid obtained by sliding a line of constant length between two 
Tectangular axes. 
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The final year deals with chords and tangents of a circle, the geometri¢ 
representation of algebra, including square roots and quadratic equations, 7 
and treats also the mensuration of solids. Throughout the whole course thers” 
is a steady insistence on the teacher’s function of linking the geometrical lore * 
with the pupil’s everyday experience, so that the facts are welded into the’ 
mind as part of an organic whole. & 

Sufficient has been said to indicate that the book, whilst traversing well- 74 
trodden ground, makes the journey lively and entertaining. It would cer 
tainly be a boon to Secondary schoolmasters if boys coming to them had™ 
previously been taken through such a course as this. H. Li 


Elementary Mechanics. By A. W. Srppons, K. 8. Snetnt and N. R. ©. 4] 
Dockeray. Pp. xii, 312, 23. 6s. 1936. (Edward Arnold) i 

We have in this book a good introduction to Mechanics, suitable for School } 
Certificate Additional Mathematics candidates and others coming to the sub- § 
ject for the first time. Chapters 1 to 10 are on Statics and chapters 11 to 20 4 
on Dynamics ; but chapters 1 to 6 and 11 to 14 are independent, and either © 
section may be taken first. In the Dynamics part, gravitational units are used © 
at first and absolute units are introduced in a later chapter ; there is a chapter ~ 
on motion in a circle, but simple harmonic motion and impact problems of ~ 
the type which bring in the coefficient of restitution are not included. Calculus % 
is used in the second half of the Dynamics section. There are plenty of simple ~ 
examples, and an indication is given in the exercises as to where harder ques- ~ 
tions suitable for the better and faster pupils begin, and also where the set — 
changes to examples of a different type. A good feature is a collection of 
bookwork questions at the ends of the Statics and Dynamics sections of the 
book. The answers and index are at the end of the volume, but the two parts 
can be obtained separately, each with answers and index. 

The approach is modern, and the book has some attractive features: in 
particular, the discussion on “ Sliding or Toppling ” in the centre of gravity 
chapter ; the introduction of velocity and acceleration with simple examples 
on them at first, the constant acceleration formulae being kept till a later 
chapter ; and the distinction between momentum and energy as time-effect 
and distance-effect of a force with a careful discussion of the difference between 
them. On the other hand, it would have been better if the fact had been made 
clear that the strip “ proof” (the strips are actually thin trapezia) for the 
centre of gravity of a triangle was not really a proof, while no distinction is 
made between “‘ speed ”’ and “ velocity ” till very late (the last chapter but — 
one). However, these are but slight blemishes in a good book. J. W. 


Mathematical Tables. V. Factor table giving the complete decomposi- 
tion of all numbers less than 100,000. Prepared independently by 
J. Peters, A. Longs and E. J. Ternoutu, E. Girrorp, and collated by the 
British Association Committee for the Calculation of Mathematical Tables. 
Pp. xv, 291. 20s. 1935. (Office of the British Association, Burlington House) 

These tables are well and conveniently set out and arranged. They make a 
very attractive volume reflecting great credit upon all those concerned with 
its production, in particular the printers. Not only are the tables sure to be 
useful, but there is a certain amount of pleasure to be had from merely turning 
over the pages. The volume commences with a very interesting introduction 
by Dr. L. J. Comrie, giving an account of other factor tables and of errors in 
them and of the methods adopted to avoid the possibility of error in the 
present table. How pleased with this volume would have been Lieut.-Col. 
A. J. C. Cunningham, whose bequest has helped to defray the cost of publica- 
tion. L. J. MoRDELL. 
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